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Exercise 1.1. If X and Y are open cover compact, can you prove that X x Y
is open cover compact?

Proof. First, we claim that for U, an open set in X x Y, the sets (U,)x = {z €
X|(z,y) € Uy for some y € Y} and (Uy,)y = {y € Y|(z,y) € U, for some z €
X} are open in X and Y, respectively.
We will show this for (U,)x as the other case is identical. Let z € (U,)x be
arbitrary. Then 3y € Y such that (z,y) € U,. Since U, is open, Ir > 0 such
that B,((x,y)) C Uy. We claim that B,(z) C (U,)x. Suppose this is not the
case, then there is some 2’ € B,.(z) such that ' & (U,)x. Now, this implies that
(x/’y) ¢ Uq but since dXXY((x’y)7 (x’,y)) = dX(x"r/) < (x’y) € B,.((x,y)),
contradicting our assumption. Thus (U, )x is open in X.
Now, suppose {U,} is an open cover of X x Y. For z € X, define the set
Sy = {Ua|z € (Us)x}. For y € Y observe that (x,y) € U, for some U, € S,
for some « since U, it is an open cover. Since U, is open 3r, > 0 such that
By, ((z,y)) CUs. Let V= BTTy((x,y)) Observe that |, ¢y (Vz,y)y is an open
cover of Y so there exists some finite subcover (V 4, )y, ..., (Vay,)v. Now, let
Ve =iz (Ve ) x and note that x € V,, and it is open since it the intersection
of finitely many open sets.
Next, observe that {V,.}.cx is an open cover of X so there exists a finite subcover
Vars -+, Va,,. Note that by the construction of each V, , we can associate with
some U,,. We claim that (J;-, U;L;ll Ug,,y, is an open cover of X x Y. For
(r,y) € X xY, € V,, for some i and there exists some j such that y €
(Vii,)y. We claim that (z,y) € Ug,,,;. To see this observe that d(z,y) <
d(z, ;) + d(zi,y) < % + 3 =ry so by construction (z,y) € Uy, ,,, as desired.
Thus, X x Y has a finite subcover.

O

Exercise 1.2. Let f : X — Y be a continuous map between metric spaces. Let
A C X be a subset. Decide if the followings are true or not. If true, give an
argument, if false, give a counter-example.

e if A is open, then f(A) is open



if A is closed, then f(A) is closed.

)
if A is bounded, then f(A) is bounded.
if A is compact, then f(A) is compact.

if A is connected, then f(A) is connected.

Proof.

This is false. Consider the function f : [0,1] — R by f(x) = 0. This is
continuous since for every open set in R if it contains 0 then its preimage
is [0, 1] which is open in [0, 1]. If it doesn’t contain 0, then its preimage in

This is false. Consider the function f : (0,1) — [0,1] by f(z) = «. f is
continuous and (0, 1) is closed in (0, 1) but f((0,1)) = (0, 1) is not closed
in [0, 1].

This is false. Consider the function f : (0,1) — R by f(z) = 1. This
function is continuous but and (0,1) is bounded but f(0,1) = (1,00) € R
which is not bounded.

This is true. Suppose {U,} is an open cover of f(A). Then, since f is con-
tinuous, f~1(U,) is open for all a. Now since A is compact and {f~*(U,)}
is open cover of A, there exists a finite subcover f=*(Uy),..., f~1(U,).
Now, Uy, ..., U, is also a finite subcover of f(A) so f(A) is compact.

This is true. Suppose A is connected but f(A) is disconnected. Then
there exists open sets G, H such that f(A) = G U H. Since f is con-
tinuous, f~(G) and F~1(H) are also open. Observe that these sets are
also disjoint otherwise so A = f~1(G) U f~1(H) so A is not connected,
contradicting our assumption.

O

Exercise 1.3. Prove that, there is not continuous map f : [0,1] — R, such that
f is surjective.

Proof. Suppose these was a continuous map f : [0,1] — R that was surjective.
Then, by exercise 2, since [0, 1] is compact, this would imply that f(]0,1]) = R
is compact. Since R is not compact there can be no such function. O
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