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1 Question 1

Consider f(x) = 1 for x ∈ Q and f(x) = −1 otherwise.

This function is obviously not integrable, but |f(x)| = 1 is.

2 Question 2

denote

U(f2, p) =
∑
p∈P

f(xp)2∆xp

L(f2, p) =
∑
p∈P

f(yp)2∆xp

xp, yp are in the interval p

U(f2, p)− L(f2, p) =
∑
p∈P

(f(xp)2 − f(yp)2)∆xp

=
∑
p∈P

(f(xp)− f(yp))(f(xp) + f(yp))∆xp

≤
∑
p∈P

(f(xp)− f(yp))2B∆xp

= 2B(U(f, p)− L(f, p))

thus f2 is obviously integrable because the right side=0

3 Question 3

If not, since both are continuous, then f(x) > g(x) without loss of generality.

Then,
∫ b

a
f(x)dx = (b− a)f(x1) and

∫ b

a
g(x)dx = (b− a)g(x2), but then g(x2) = f(x1) contradiction.
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4 Question 4

∫ π
2

0

xd sinx

=

∫ π
2

0

x cosxdx

= cos
π

2
− cos 0 +

π

2
sin

π

2
− 0 =

π

2
− 1

∫ π
2

−π2
xd sinx

=

∫ π
2

−π2
x cosxdx

= cos
π

2
− cos(−π

2
) +

π

2
sin

π

2
− (−π

2
) sin(−π

2
) = 0

5 Question 5

If not, since f is continuous then f(x) >
∫ b
a
f(x)dF

F (b)−F (a) without loss of generality.

Since f is integrable, then

A =

∫ b

a

f(x)dF =

n∑
0

f(xk)(F (x+k )− F (x−k )) +

n∑
1

M(f, xk−1, xk)(F (x−k )− F (x+k−1))

>

n∑
0

A

F (b)− F (a)
(F (x+k )− F (x−k )) +

n∑
1

A

F (b)− F (a)
(F (x−k )− F (x+k−1))

>
A(F (x+n )− F (x−0 ))

F (b)− F (a)
= A

so we have A¿A as contradiction.
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