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For interval [a,b], let f(z) = 1 for rational = € [a,b] and let f(z) = —1 for
irrational « € [a,b]. Then |f|(z) = 1,Vz € [a,b], so |f| is a constant function
and is thus integrable. However, for any partition P, U(f,P) = b — a and
L(f,P)=—(b—a),so U(f) — L(f) =2(b—a) # 0. Thus, f is not integrable.

2 33.7

2.1 a

U(f?,P) = L(f*, P) = > _ysup{f(x)* : & € [tp—1, tx]}(tx — tr—1) — inf{f(x)*:
T € [tg—1,tk]}(tk — tr-1)

Let yp = = st. f(2)® = sup{f(2)® : = € [tp_1,tx]}, 2x = x s.t. f(z)?
inf{f(2)?: x € [th_1,t1]}

ZZ:1 (sup{f
ZZ:1 (yIQc -z

y either equals sup{f(z) : = € [ty—1,tx]} or inf{f(z) : = € [tp—1,tx]}. If
yp = sup{f(x) : & € [tp_1,tk]}, 2 = Inf{f(x) : © € [tp_1,tk]}. If yp =
inf{f(z) : € [tp—1,tk]}, 2z < sup{f(z) : © € [tr—1,tk]}. Thus, yp — 2z <
sup{f(z) : « € [tr—1,tx]} —Inf{f(2) : @ € [tr—1,tx]}

D het (e 2) (Yk — 21) (b — th1) < 303y (B + B)(sup{f(z) : & € [ty—1, tx]} —
inf{f(z) : @ € [te—1, t|})(tx — t—1) < 2B[U(f, P) — L(f, P)]

$)2 cx € [tg—1,tg]} — inf{f(m)2 s x € [tp—1,te) )tk — th—1)
)tk = th—1) = 2 pey (e + 21) (k. — 21) (te — th—1)
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22 b

Because f is integrable, 3 partitions P, @ s.t. U(f,P) — L(f,Q) =0
U(f,PUuQ)—L(f,PuQ) <U(f,P)— L(f,Q) =0

Thusa U(faqu) 7L(f7PUQ) =0

Thus, from part a, U(f?, PUQ)—L(f?, PUQ) < 2B[U(f, PUQ)—L(f, PUQ)] =



0
Thus, U(f?) = L(f?)

3 33.13

Because f and g are continuous, h = f — g is continuous. By Theorem 33.3,
b b b b

faf_fag:fa(f_g):fah:O'

WTS: 3z s.t. h(z) =0

3P s.t. U(h,P) = p_ysup{h(z) : © € [tr—1,tx]}(tx — tsie1) =U(h) =0

If 3k s.t. sup{h(z) : x € [tg—1,tx]} = 0 then Iz s.t. h(x) =0

Else, pick « s.t. h(xz) >0, y s.t. h(y) <0

Because h is continuous, [a,b] is connected, and h(y) < 0 < h(x), 3z € (a,b)
s.t. h(z) =
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4.1 a

fO% xdF(z) = Jcsinx|§ - fog sinz =% +cosx\0% =7-1

4.2 b

ff% wdF(z) = zsinw|; +cosa|?, =5 -5 =0

5 35.9a

Let M and m be the max and min values of f(x) on [a, b]

Ji fdF = S0 F)[F(t) = P51+ Sy M(f, (e, ) [P (1)~ F(H)] <
Zk o M[F(t;) — Ft+)]+2k | M[P(ty) = F(t)_))] = M(F(b) - F
S FAF = g P [F(5) = F(E0]+ Xy mlf, (b, ) [P (t) = F(E_ )] >
DhomIF () — F(t+)]+2k_1 m[F(t;) = F(t,_,)] = m(F(b) - F(a))
m(F(b) = F(@)) < [, [AF < M(F(b) = F(a))

Because f is continuous, by the Intermediate Value Theorem, 3z € [a,b] s.t.

f(2) = Zaldts = [P fdF = f(@)[F(b) - F()



