Math 104 HW 1

Jonathan Wang
January 29, 2022

1 9.9

1.1 a

lims, = +o00 = VM > 0,dN; s.t.Vn > Ny, s, > M
Let N = max{Ny, N1}
VYn > N,t, > s, > M = limt, = +o0

1.2 b

limt, = —o00 = VM < 0,dN; s.t.Vn > Nq,t, < M
Let N = max{Ny, N1}
VYn > N,s, >t, <M = lims, = —oc0

1.3 c¢

Let lims,, = s,limt,, =t

lm(t, —sp) =t —s=Ve>0,3INys.t.¥n > Ny, |(tn, —sn) — (T —5)| <
For the sake of contradiction, assume s > ¢

Let N = max{Ny, N1}

Yn>N,t, —s,>0andt—s <0

Thus, (t, — s,) — (t—5) >0

Let 0 < € < (t, — $p) — (t — 9).

Then, |(t, — $n) — (t — s)| > €. A contradiction is reached.

Thus, s <t

2 9.15

an+1
Sn+1 . (nt1)! a
Sn 2 T n+l

lim 22t =0
Ve >0,3IN s.t.¥n > N, |25 ] < e
Lete=v<1

|5n+1‘ < vy

[sn]



[sn1l < Alsnl = Isnl < A|sn-1] <V2|sn_2] < .. <" N|sn|
lim "~ N|sy| = limy"y~N|sy| = 0 (because v < 1)

Since |s,,| <" N|sy|, lim |s,,| < limy" "V |sy| = 0 from 9.9c.
Thus, lims, =0

3 10.7

Let sy = sup S — % s.t. m € N and s; € S. This is possible because by the
definition of sup, ds € S s.t. s > sup S — ¢, where € > 0.

Define s,, = sup S — ﬁ To show that s, € S, for the sake of contradiction

assume that s, ¢ S.+nWe know s, is a monotonically increasing sequence,
because m+17,71 is monotonically decreasing. If s,, ¢ S, then s,, > sup S by the
definition of sup S being the smallest upper bound for S. This is a contradiction
to s, =sup S — ﬁ < sup S

Therefore, lims,, = sup S.

4 10.8
WTS: Vn,0p41 > op,
Ont1 = n%_l(& + 80+ Sng1) = ﬁ_l(w + Spt1) = %_H(non + Spt1)

We can show ns,11 = Sp+1 + ... + Spy1 = S1 + ... + 5, by induction.

Thus, sp4+1 > % =0p

Thus, noy, + Spt1 > Nop +0p = N0y + Spy1 > (n+1)o, = %ﬂ(nan +Spy1) =
On+t1 2 On

5 10.9

52 b

WTS: s, is decreasing and bounded, by showing 0 < s,,41 <1
Proof by induction:

The above inequality holds for 0 < s =1<1and 0 < s9 =
Assume it holds for some n > 2

WTS: (nL_H)st < Sp

ns2 < (n+1)s,

ns, <n-+1

sp < 2l =14

n

1
We know s, <1< 1+

1
=1

S|=



WTS: 0 < Sp41
0 < ()sh
This is true because n > 0 and s2 > 0

5.3 c

Let lim s,, = s.

s satisfies ns? = (n + 1)s

ns? —(n+1)s=0

s(ns—n—1)=0

s =0 since s # ”;LH, because s, < 1Vn

6 10.10
6.1 a
sp=1(14+1)=2
=} 0=
sa=z(3+1) =15
6.2 b
81:1>%

Assume s,, > % for some n > 1

st =Ko £ D)= dsu 4> 40+ =

N[

6.3 c

WTS: sp41 < sp

Sp > % = %sn > %
1 1 1 1 2 —

Sn+1 = g(sn +1)= 3S5n + 3 < 380+ 550 = Sn

64 d

Spn is bounded and decreasing = lim s,, exists
Let lims,, = s
s satisfies s = (s + 1)

251

i=1°
7 10.11
7.1 a

Show ¢,, is bounded
Prove by induction that Vn,t, > 0



t1=1>0
Assume t,, >0
(1- m)) is positive Vn, and t,, > 0. Thus ¢,41 >0

Show t,, is decreasing
WTS: thy1 <ty

(1 - ﬁ)tn < tn

(4n? — 1)t,, < 4nt,

t, > —1

Because t,, > 0,t, > —1

Because t,, is decreasing and bounded, lim ¢,, exists

72 b

19
P

8 Squeeze test

Let e >0

lima, = L = 3Ny s.t. Vn > No, |L —a,| <€
a, > L —¢€

lime, = L= 3Ny st. Vn> Ny, |L—cp| <e
cn < L+e€

Let N > max Ny, N;
Yn > N,a, <b,<c,=L—-€e<b,<L+e=|b,—L|<e=limb, =1L



