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1 12.10

Prove (s;) bounded = limsup|s,| < +oo:

(sn) bounded = (|sy|) bounded.
Thus, VN, sup{|s,| : n > N} < M for some constant M. Thus, limsup |s,| <
+00.

Prove (s;) not bounded = limsup |s,| = +oo:

If (s;,) is not bounded, (|s,|) is also not bounded.
(|sn]) consists of all non-negative numbers. Thus, lim |s,| = 400 = limsup |s,| =
+00

2 12.12

2.1 a

We know liminf s,, < limsup s,, and liminf ¢,, < limsup o,

Let n > M

o %(31 + .t s, < %(sl + ..+ SN+ SN+ o+ Sn)
(514 .+ sn)+ L(snpr + o+ sn)

(st + o+ sn) + =Nsup{s;}1 vy 4

a7 (s1+ o+ sw) Fsup{si} 2y

= sup{oy, :n > M} < 37(s1+ ... + sy) +sup{s; :n > N}
Take M — oco: limsupo, < sup{s; :n > N}

Take N — oo: limsup o, < limsup s,
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= liminf o, > liminf 2 (s1 4 ... + sn) + liminf 2= inf{s, }3° v .4

= inf{sn};ﬁNH
Take N — oo: liminf g,, > liminf s,,

22 b

If lim s,, exists, then lim s,, = limsup s,, = liminf s,, = liminf s,, = liminf o,, =
limsup o, = limsup s, = limo,, exists and lim s, = limo,

2.3 c
Let s, = (—1)". Then o,, = % if n is odd and 0 if n is even. limsups, = 1 and
liminf s,, = —1 so lim s,, does not exist, but limo,, =0

3 14.2
3.1 a

Diverges.
Using the comparison test, 251 = 1 — L Because > L diverges, > 25!
diverges.

3.2 b

Diverges.
The partial sums are s,, = —1 if n is odd and 0 if n is even. The partial sums
diverge, thus the series diverges.

3.3 c

Converges.

i—’.} = % which converges because # converges.

34 d
Converges.
(nt+1)3 41)°
Using the ratio test, lim | fraca,+1a,| = lim 3’21 = lim ("3n3) = % <1
o
3.5 e
Converges.
(n+1)2
Using the ratio test, lim [225 | = lim [ 25| =0 < 1

n!



3.6 f

Converges.
. . 1 .
Using the root test, hm|n%|¥ = lim \%\ =0<1

3.7 g
Converges.

. . . ntl . 1) 1
Using the ratio test, lim 2% = lim ("% =35<1
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4 12.10

Let a,, = 2(=D"+n |

n+2 n . .
For even n, ®24L = 2" — 8 and for odd n, 5257 = <. Thus, £ = liminf ntil
Y ap 2 )2 2 ' 2 lan|

1 < lim sup % = 8 and the ratio test gives no information.

lim |a,|# = 257! for even n, and 275+ for odd n. Thus, lim |a,|" = 2 > 1,
and > a, diverges by the root test.

5 6

5.1 a
Sn=+vn+1—1. (s,) diverges = Y a, diverges.

> k%lk% < ZI%% = Z\/E(% — k—}H) converges = (s,) converges = Y. a,
converges
53 c

Using the root test, lim |a,|* = limns — 1 = 0. Thus, 3" a, converges.

54 d

Not sure about complex numbers

6 7

Let € >0. Let n >m > N.
| Vo M < OV L ay)

m



Set N large enough such that a,, < =7==Vn > N, which is possible because
> a, converges = lima, = 0.
Thus, [ + .. + %\ < L(me)=¢

79
7.1 a

lim sup |n3|% = lirn(n%)‘r3 =1
R=1

72 b

limsup|2n—7;\% = lim

2

(n')%

Let a,, = %
. an+i — 1 1 —
lim supa—an = lim sup T =0
lim inf =24 = 0

Thus, limaj = 0 = lim —r =0 = R = oo

(nh)mn

73 c
. o2m L . 2 . 1
limsup |#|# = lim v 2=R=3
7.4 d
1
. n2)l .. (nm)d 1 _
limsup [§7 |7 = lim 5~ =3 = R=3
81 a
lim 2 = lim 1+1¢ > 0, since lima, >0
Thus, > 12— is divergent.
82 b
ON4L 4 4 ONik o ONHL 4 SNk _ oNpitecbonge g _sn
N+1 SN+k SN+k SN+k SN+k SN+k
VN, Jk s.t. SN4L 4 ONdE > ] SN 5 ¢
SN+1 SN+k SN+k

Thus, } %= is not Cauchy = ) %= diverges



83 c

< an _ Sn”Sn—1 __ _1 1
— Sn—18n Sn—15n Sn—1 Sn

Since s,-1 < 5p, 3

3 1 1 an
Because ) a,, diverges, > -=— and )~ - converge. Thus, > 58 converges by

Sp—
comparison test.

84 d

Qn 3
Tina, converges or diverges.

__Qn an . 1
1+n2a, — n2a, n2
1

Because ) -5 converges, > i 4~ converges.
"




