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Let
0 ifx <0
fa) ler s if0<ae<l
€T =
—le¥ T iflca<t

1 ifr>1

Q—ﬁ —+ 1’g(n)(1) =0 forn = 172’
n=1,2,... where g(z) = e Tw

WTS: for g(z) =
can show ¢(™ (1
Lety=1—2,t
We know g(")(O
y=0=z=1
Thus, g (1) =0 for n = 1,2, ...

\_/)):Tl\/

WTS: for g(x) = le2-3 and h(z) = %e%ﬁ + 1, g(n)(%) _ h(”)(%) for
n=1,2,.

Let h( ) —g(1 —z) + 1, then b/ (z) = ¢'(1 — 2)

Ate =3 ¢/(0) =g(3) =g (1-3) =H(3)

For odd n, g™ (%) = h(™(3)

2

Let g(z) = Cox + Gra? + ... 4 Sotgn 4 Lo gt
Then, ¢'(r) = f(fv)
9(0)=0
g(1) =Co+ G +..+ D=t 4 G
By Rolle Thm, 3z € (0, 1)st g (z)=0
Thus, Co+Ciz+ ... + Cpo_12" 1 + Cp2™ = 0 has at least one real root between
0 and 1




3

Let e >0
By MVT, 3¢ € (z,1) s.t. [(c) = L0=1)

(L — pr(@)] = 17 (e) = f'()]

Vil 1s continuous = 33 s.t. if [t —x| <6, |f'(t)— fl(x)] <e
Because ¢ € (z,t), |c—z| < d

Thus, |f'(c) — f(z)| <€

4

By induction,

F00 = (1=9QD() + Q1) = Qle) = fV(a) + QV(@)(3 o)
7O = (£ = HRE(®) +2QV (1) = QW(a) = L(FP () + Q(a)(5 - )
7o) = (t = AR (1) +327(1) = Q) (a) = L(/® (a) + QP (a) (5 — a)

F(8) = (t-BH)Q ()+nQ D (t) = QD) = S (M (@)+QM™ (a)(B~a))

f(B) = fla) + (8 - @)Q(a)

= f(e) + (B —a)fM(a) + QW (a)(B — )?

= f(e) + (8= a)fV(a) + 5 /P (a)(B — a)* + 5QP () (B — a)?

= f(a)+(B-a) fN (@) +5fP () (B-a)+55 fD(a)(B-a)+ 5507 () (B-a)*

5.1 a

For the sake of contradiction, assume f(x) has 2 or more fixed points.
Take fixed points a and b

By MVT, 3¢ € (a,b) s.t. f/(c) = {O=I@ — bma _y

This is a contradiction. Thus, f(x) has at most one fixed point.

52 b

If ¢ is a fixed point, then f(t) =t =1t+ (1 + ')~}

0= 1+et
No such ¢ exists

5.3 c

For the sake of contradiction, assume no fixed point exists.

I s.t. f(b) > b



Jda s.t. f(a) < a (because A < 1, it is impossible for f(z) > z,Vx)
By MVT, 3c € (a,b) s.t. f'(c) = |W| -1
Contradiction

|z — x| = [f(zn-1 — f(2)]

By MVT, existsy € (zn—1,2 s.t. f'(y) = W

|[f(@n—1) — f(@)] = |/ Wzn-1 — x| < Alzp_1 — x| = A|f(zn_2) — f(z))] <
Az —

Asn — o0, A" oy — x| =0

Thus, r = limz,



