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Let

f(x) =


0 ifx ≤ 0
1
2e

2− 1
x if 0 < x ≤ 1

2

− 1
2e

2− 1
1−x if 1

2 < x < 1

1 ifx ≥ 1

WTS: for g(x) = 1
2e

2− 1
1−x + 1, g(n)(1) = 0 for n = 1, 2, ...

can show g(n)(1) = 0 for n = 1, 2, ... where g(x) = e−
1

1−x

Let y = 1− x, then g(y) = e−
1
y

We know g(n)(0) = 0 for n = 1, 2, ...
y = 0 ⇒ x = 1
Thus, g(n)(1) = 0 for n = 1, 2, ...

WTS: for g(x) = 1
2e

2− 1
x and h(x) = 1

2e
2− 1

1−x + 1, g(n)( 12 ) = h(n)( 12 ) for
n = 1, 2, ...
Let h(x) = −g(1− x) + 1, then h′(x) = g′(1− x)
At x = 1

2 , g
′(x) = g′( 12 ) = g′(1− 1

2 ) = h′( 12 )

For odd n, g(n)( 12 ) = h(n)( 12 )
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Let g(x) = C0x+ C1

2 x2 + ...+ Cn−1

n xn + Cn

n+1x
n+1

Then, g′(x) = f(x)
g(0) = 0

g(1) = C0 +
C1

2 + ...+ Cn−1

n + Cn

n+1 = 0
By Rolle Thm, ∃x ∈ (0, 1) s.t. g′(x) = 0
Thus, C0 +C1x+ ...+Cn−1x

n−1 +Cnx
n = 0 has at least one real root between

0 and 1
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Let ϵ > 0
By MVT, ∃c ∈ (x, t) s.t. f ′(c) = f(t)−f(x)

t−x

| f(t)−f(x)
t−x − f ′(x)| = |f ′(c)− f ′(x)|

f ′ is continuous ⇒ ∃δ s.t. if |t− x| < δ, |f ′(t)− f ′(x)| < ϵ
Because c ∈ (x, t), |c− x| < δ
Thus, |f ′(c)− f ′(x)| < ϵ
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By induction,
f (1)(t) = (t− β)Q(1)(t) +Q(t) ⇒ Q(α) = f (1)(α) +Q(1)(α)(β − α)
f (2)(t) = (t− β)Q(2)(t) + 2Q(1)(t) ⇒ Q(1)(α) = 1

2 (f
(2)(α) +Q(2)(α)(β − α))

f (3)(t) = (t− β)Q(3)(t) + 3Q(2)(t) ⇒ Q(2)(α) = 1
3 (f

(3)(α) +Q(3)(α)(β − α))
...
f (n)(t) = (t−β)Q(n)(t)+nQ(n−1)(t) ⇒ Q(n−1)(α) = 1

n (f
(n)(α)+Q(n)(α)(β−α))

f(β) = f(α) + (β − α)Q(α)
= f(α) + (β − α)f (1)(α) +Q(1)(α)(β − α)2

= f(α) + (β − α)f (1)(α) + 1
2f

(2)(α)(β − α)2 + 1
2Q

(2)(α)(β − α)3

= f(α)+(β−α)f (1)(α)+ 1
2f

(2)(α)(β−α)2+ 1
2·3f

(3)(α)(β−α)+ 1
2·3Q

(3)(α)(β−α)4

...
= P (β) + Q(n−1)(α)

(n−1)! (β − α)n
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5.1 a

For the sake of contradiction, assume f(x) has 2 or more fixed points.
Take fixed points a and b

By MVT, ∃c ∈ (a, b) s.t. f ′(c) = f(b)−f(a)
b−a = b−a

b−a = 1
This is a contradiction. Thus, f(x) has at most one fixed point.

5.2 b

If t is a fixed point, then f(t) = t = t+ (1 + et)−1

0 = 1
1+et

No such t exists

5.3 c

For the sake of contradiction, assume no fixed point exists.
∃b s.t. f(b) > b

2



∃a s.t. f(a) < a (because A < 1, it is impossible for f(x) > x,∀x)
By MVT, ∃c ∈ (a, b) s.t. f ′(c) = | f(b)−f(a)

b−a | > 1
Contradiction

|xn − x| = |f(xn−1 − f(x)|
By MVT, existsy ∈ (xn−1, x s.t. f ′(y) = f(xn−1)−f(x)

xn−1−x

|f(xn−1) − f(x)| = |f ′(y)||xn−1 − x| ≤ A|xn−1 − x| = A|f(xn−2) − f(x))| ≤
An−1|x1 − x|
As n → ∞, An−1|x1 − x| → 0
Thus, x = limxn
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