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13.3 B setofall bounded sequences X Xi Xi anddefine

day sup Ix Y j 1,2
al showd is a metric forB

letXEB

givenday sup IX y j 1 a

dix x sup Ix x g o

k t

let X YEB
then I Jst X Y and so IX Yg 0

dlx.gl sup x Y so

letx.geB

dlx.gl suplx y
suply xD
digX V

letxy ZEB
dlx.gl sup x y
dixz supXy Z

sup IX Y Y Zyl
triangleItsup x Y t sup Y Z

dlx.gl t dly Z

Hence functiond is matric for B A



bl Doesd ix y EIX Y define a metricforB

take X l I l I and y o o o

XiYEB
dixg ÉIX Y
Eli o

distancebtw x andy D

No dtx.gl is not a matric for B I



13.5 a Verify DeMorgan's lawsforsets

A SIU UEU SIWULU you

s Ulu new Sn Uu uEU

S n nu non

A Snu men

A SIU UEU
I

b showintersectionofanycollectionofclosed sets is a closed set

let s an openset
takearbitaryelem UE S

Then YesU A is an openset

ByDeMorgan Yes 4 desU B B is aclosedset complementofA

B is an infinite intersectionof closed set U
Hence infinite intersectionofclosedsetsis a closedset

I



13.7 Show every openset in IR is disjoint unionofa finite or infinitesequenceofopenintervals

letUcIRbeanopenset
letXEU

bydefofopenset thereexistanopen
intervalIxSt XEIxEU

XEU XEIx XEYenIx
i UEYenIx
alsoSinceHEUHEU

i
Eugen

YeaIx ieopensets unionofopenintervalsso
let stay bethelargestinterval where

inf L X CaX EU
B sup p x x pEU

clearly 2 x cp't xe It
Bydefofinfimumand supremum

foreveryE o a Ee la x EU and p E e xp EU for
somexandp

ie foreveryE o 2 t e ell and B E Ell

I It Lap EU
SO UxEU XEG EU U YeuI
claim Ix isdisjoint

ie forxyell either Ix Igt or In It 0
suppose Ix Ly and Ixnay 0
thenIntoItwillbe a largerintervalthan Ix containingx
contradiction w Itisthemaxinterval

so It isdisjointand U Yeatxt
suppose Ix writtenas 24 It Iz
Then thereexistdistinct rationalnumbers XqYgZg

StXgeIt YEEy ZqEIÉ etc
Sincethesetofrational numbers iscountable

so Ix Jofopenintervals is countable
Hence U is aconfabeunionofdisjointopenintervalsIt

finiteandinfinitelycountable I



4 given Xd a metricspace and s a subset ofX wedefined theclosureofS
5 PEXIthere exist a seq Pn inS stPn P
Provetaking closure again wont make itanybigger

ie if s 5 and52 5 thenSi Sa

suppose xEJ letUbean opensetcontaining x wewanttoshow Uns 0
Weknow Un540 sothereexistsa seqPu y es St Pn p ieYGU

ButsinceU is anopensetcontainsyand yes thenUns 0
so XE5 hence bydefofsubset IES takingclosureagainwontget

anybiggerthan 5 I

5 Prove 5 is the intersection ofall dosedsubsets in X that contains S mayassume 5isdosed

takeac 5 let Xbeanydosedset st SEX

suppose a4X thenat alx and all isopen so lax as 0

But SEX so SA Aix 0 contradiction showsthat aEX

X isarbitaryclosedsetcontaing s

J E n a EX SEXandXisdosed

also observe 5 is oneofthe closedsetscontainingS

so if acA a ex SEXand X isdosed

then automatically XE J
Hence n AEX SEXandXis

dosed E J


