Minh Phan Homework 2

Math 104

Problem 9.9

Suppose there exists Ny such that s, < ¢, for all n > Ny. (a) Prove that if lims, = +oo, then

lim¢,, = +oo. (b) Prove that if lim¢, = —oo, then lims,, = —oco. (¢) Prove that if lim s,, and lim#¢,

exist, then lim s, <limt,.

Solution

a)

By Definition of limits,

VM > 0,dn > Ns.t.s, > M

since lim s,, = 400

Sp > M

Since s, < t,,

ty > 8p, > M

Thus, for the same n and M we have shown that
limt, = oo

By Definition of limits,

VM < 0,3dn > Ns.t.t, <M

since lim¢,, = —o0

t, <M

Since s, <t,

Sp <t, <M

Thus, for the same n and M we have shown that

lims,, = —

let lims,, = s and limt¢,, =t

We are given

t, — Sn, > 0Vn > N

since t,, — s, is a strictly non-negative number for all n,
lm(t, — s,) >0

we can take the limit of the difference as normal

limt, —lims, >0

which implies what we want

lims,, <limt,
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Problem 9.15

Show lim,_, o <+ = 0 for all a € R.

Solution Let L = lim s;7+1

if L j 1, then lims, =0
a,""+1

L = lim &) = lim % =0

al’ n+1
L<1

n!

Thus, lim s,, = lim % =0
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Problem 10.7
Let S be a bounded nonempty subset of R such that sup S is not in S. Prove there is a sequence (s;,)

of points in S such that lims,, =sup S.

Solution Let sup(s) = s
Vn > N,s— % is not necessarily an upper bound for s
define a sequence in S called s,,

andlets—%<sn<s

lims— 1 =3
n

by the squeeze lemma, lims,, = s
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Problem 10.8
Let (s,) be an increasing sequence of positive numbers and define o, = %(31 + S92+ ... + 8,). Prove

(on) is an increasing sequence.

Solution We want to show that the sequence o, is increasing.
On+tl 2 On

base case: n = 1

%(51 + 59) > %(51) = %(81 + 51)

since sg > s1, the base case holds for an n

Inductive step

g(si s+ .+ sn+sn41) = £(s1+ 52+ ..+ 5n)

Identity:

Sn Sn

Sn
n n+l = n(n+1)

Applying the identity and subtracting 25 + *2;....%% from both sides,

Sn+41 S1 So S
n+1 = n(n+1) + n(n+1) + n(nll)

Sn41 = L(sn +s2+...50)

It is true by definition of s,, being an increasing sequence that the above holds true, since s,11 > s, >

Sn—1---

Thus, o, is an increasing sequence.
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Problem 10.9

Sn=1,5,41 = nL_Hsi
Solution
a) sg = %12 = %
it B
R

We will try induction to prove that it is a decreasing sequence.
Base case: n = 1 is proven above since

59 < 81

2<1

Inductive step:

Spto = %Sn+1 < Sp+1

Thus, we have proven that

Sp < Sp—1... < S1

This is a strictly decreasing sequence

We also need to show that it is bounded.

We can still use a short induction combined with our above proof.
Since s,, is decreasing, then s, <1

we also know that s,, > 0Vn

This is because 27 will always be a positive fraction 0 < 75 <1
Let s>0,0<r<1

s* 1 > 0 holds true trivially since s > 0

s x 1 * r still holds true via the same reasoning.

n

Thus, let s,, = s, = oy

Sp >0
and thus, s, is bounded by its first element and 0

0<sp41 <8, <1Vn >0
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c) s =1lm, 00 Spt1
lim sy, = lims,

_n_

Sp+1 = n+1 Sn,

s = 0 satisfies the above equation
thus:

lims, =0
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Problem 10.10

sn=1,8n41=3(sn+1)

Solution
a) so=35-(1+1)=2
n=fden=fei=g
_ 1 5 _ 5 9 __ 14
sa=5 (gt =m+n =9

show s, > %,Vn
We will proceed with induction
Base case: n =1

s1=1>

I

Inductive hypothesis:

Sn > 3

Inductive step:

st =3(n+)=%+5>4+5=1

Thus, using the fact that s, > L

bR We can see:

Sn+1 > %

show s,, is decreasing
we want to show

Sn41 = 3(5n + 1) < sp
Sp, is decreasing iff,

Sp < 38, — 1

sn>%

Since this is a true statement which can be seen by part a, we can conclude that s,, is decreasing.

lim s,, exists because it is decreasing and bounded because % < 8, < 1Vn.

lims, = %
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Problem 10.11
t1 = Ltpyr = [1 — 125 % tn,Vn > 1

T 4n?

Solution
a) limt, exists
First, we must see prove its a decreasing sequence.
This can be seen by looking at the ratio multiplying ¢,
r:17$<1,Vn>0
Since r < 1, any number ¢t > 0
The following must hold:
txr >tsrd>txrs
Since our sequence can be rewriten such that
ti=t*xr0 to =tsr .ty =txr" !
ty >ty > ..ty
Thus, t, is a decreasing sequence.

Now, what bounds ¢,,?

Since t,, is decreasing, it is trivially upper bounded by its first element

t, <1
‘We can set the lower bound to 0.

This is because we start with an initial value t; =1 > 0

The sequence itself is decreasing as we have proved before, but it will still be positive.
We know that from before, the sequence can be decomposed as a product of ratios r.

We can show that inf r = 1, and thus can never be negative.

liminf(1 — ;1) =limy e infl — iz :n > N

Looking at the first few terms of the sequence,

N=0;inf{l—1,1-+,..}=3

16°

N=1inf{l-Lt,1-4, .}=12

liminfr =1>0

Thus, our sequence will never multiply our base ¢t; = 1 by a negative number, and thus the sequence

t,, is strictly non-negative.

t, >0
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We now have bounds for t,,
0<t, <1
b) lim¢, =7
we can take the limit of an equivalent sequence:
tn =[Tm (1= g2)"
lim [T, (1 — g2)" !
I have no idea what this is. I will guess that it is around 0.5 since it starts at 1, %

and it is bounded (0,1)
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Problem Squeeze Test
Let an,b,,c, be three sequences, such that a, < b, < ¢,, and L = lima,, = limc¢,, Show that L. =

lim b,,

Solution We are given that, by definition of limits, Je > 0s.t.¥n > Ny
lan, — L| < ¢€q
L—e<a,<L+e

and

Vn > N,

len — L < €

L—e<c,<L+e

Using what we are given:

an <bp < cp

implies, for N = max (N7, No)
L—e<b,<L+e

Which further implies for n > N
|b, — L] < €

Which means

limb, = L

10



