SIDDARTH MENON HOMEWORK 10

Ross 33.4
We want to give an example of a function on [0,1] that isn’t integrable, but for which |f] is
integrable:
1 reQ
fz) =
—1xzx¢Q

Since our domain is [0, 1] we know that for any interval in a partition of [0, 1] will contain a rational
and irrational number, and therefore:

Uf)—L(f)=1-(-1)=2#0

Ross 33.7

We're given a bounded function on [a, b] where 3B > 0 such that |f(z) < B for all = € [a, b].

a. We first want to show that:
U(f*, P)— L(f* P) <2B[U(f,P) — L(f,P)]

Let a; be the point in the i*" interval that realizes the maxmimum value of f2, and let b; be the
point that realizes the minimum value. Then Vi, we have that f(a;) — f(b;) < sup;, f — infy, f
because the supremum could be larger and the infimum could be smaller. We also know by
assumption that f(a;) + f(b;) < 2B. Also let A; be the length of the i** segment. We have:

n

UG P) = L%, P) = 3 (f2(a) - f2(5)As
=1

= > (flai) = f(b:))(f(a:) + f(bi))A;

i=1
< ;2B(5111ipf - i?f HA
=2B[U(f,P) — L(f, P)]
as desired

b. Now we want to show that f being integrable on [a, b] implies f? being integrable on [a, b]. Let
e > 0. Since f is integrable on [a, b], there exists P such that:

U(f,P) = L(/.P) < 55

— 2B(U(f,P) — L(f,P)) <e
— U(f?,P)— L(f*,P) <e

where the last implication follows from part (a)
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Ross 33.13

Suppose that f, g continuous on [a, b] such that:

[1=]

We want to show that theres z € [a,b] such that f(z) = g(z). We use the intermediate value
theorem: f(f f — g =0, which means that there exists f such that:

(f —9)( /f g=0
= (f - 9)()—0=>f) g()

Ross 35.4

Given that F(t) =sin(t) for ¢ € [-5, 5], we want to compute the following integrals:

a. We simplify the integral as follows:

/2 xdF = /2 x cos(z)dx
0 0

Now we use integration by parts:

INIE]

/0 : x cos(z)dz = [m sin(z) + Cos(x)] = g 1

b. We simplify the integral as follows:

/2 x dF = /2 x cos(z)dx
0 0

Now we use integration by parts:

J

(NE]
[ME]

2 cos(w)dz = [:1: sin(z) —I—cos(m)] _

El
[NCRE

Ross 35.9a

Given that f is continuous on [a, b], we want to show that there is = € [a, b] such that:

/de f(@)[F(b) — F(a)]

Pick «, 8 such that inf f = f(«),sup f = f(B), where the supremum and infimum are taken over
[a,b]. Then:

b b b b
f(a) / dF < / fdF < £(8) / AF — f(a)[F(b) - F(a)] < / fdF < F(B)[F(b) — F(a)]

We divide by [F (b) — F (a)] and apply the intermediate value theorem to get v € [«, ] such that

1 b
0= Fy=rw



