
 
Lebesgue measure and integral

o Rannintegral over R É
f fix dx area under the curve

At least piecewise continuous functions are Riemann integrable

in particular piecewise constant function

shortcoming

the underlying space is like IR IR the domain ofintegration
here is only a b

bounded

only bounded functions are considered

If fu f pointwise and fu is Riemann integrable

it is not true that f is Riemann integrable

I somesubset

Iginla fr f dy R c IR dx dx din

what I do we allow Lebesgue measurablesets

what f do we allow Lebesgue integrable function

f
constant function I

Lebesgue measure MCR Se 1 dx
intuitively if I C IR Itthen mon lengthof r
2 I CR meet areaofR S s dx b a ab

3 A CIR mcr volumeof r I
we know lengthof a interval Taib b a



Canwe consistently define length or generally measure for
any subset of IR A few desirable properties

Monotone If ACB CIR then MCA s MCB

TEd A 0,1 B o I in IR MCA m B 1

A 13 B 1,2 in IR mea MLB

additivity If ARB 0 then MCAVB m A nib

translation invariance H Kern ECR

MCE m XE X E x al AEE
eg 3 1,2 3 1,3 2

I 4,5

trouble not possible to define such a measure on alt subsets onIR
Read Tao 73 for an example

Read wiki Banach Tarski Stparadox
a unit ball in R disjoint union of finitelymanypieces

after rotation and translation one cant

assemble them to 2 unit balls

Cure Restrict the clasiffabat
d

in R to which

we assign a measure

DesiredPropertiestAxions of measurable subsets pig o

Let Mn denote the set of measurable
Fatin

if s is aset

subsets in R We want 25 denote thesetof
in If U c IR is open then subsets in S

I



ope

fUE Mn U is measurable

2 If U E Mn then U p IU is also in Mn

3 If U V EMn then Un V and Uav are

measurable

Tao implies Mn is a Bolean Tot.O AND OR
Li e a set with 3 operations C nc Jul

countable

4 We want Mn to be a t algebra namely

If Us Uz is a sequence frable sets

then Un Un is measurable A Un is measurable

Ln In Rao
Axioms for Lebesues measure read Tao

Tim There existfinition of Mu and Lebesgue

measure satisfying all the axioms

Initio outer measure HE C IR
rn E inf ÉvdBo I Be E Bac IR are

MACE ELO D open boxes

open box in R a b

in IR a b x asbet II
vol B IT bj aj



B IIcash

outer measure is defined for ALL subsets in R

Indiscussion try prove properties of m E

Lemma 7.2.5 7.2.6a m box Vol box


