
 

one remark about last homework we need

Fang box volume of a box
about Lebesgue

measure

we know MACclosed box volume

MAC open box volume

If we have any half open halfclosed box B
B CB CB then
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Lemma74fi If A B are measurable ACB

then B A is measurable and

M BLA MEB M CA

Pf a BLA BA A is measurable

A is meas i A is meas

B and A is meas I BAA is mea
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this follows from measurability of A applied to testset
B

i m B m BFA t m BAA

Prop Countable Additivity Let EjYbe a

countable collection of disjoint measurable set



of j
we want to show

E UF Ej is measurable

MALE FE M Ej

Pf To prove measurability we want to show t ACR
A M A MACARE MAC ALE

Define FN LI ji Ej We know

FN is measurable finite union of measset
MACFN FI MACEj

If we replace E by Fir I E Fn E C Fil
i MACARE 7 MACAAFN
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needfixing

finite
subadditing

To prove A we need I ceasy and z

MACARE E Ijf m CANEj bycountablesubadditivity

Sup Ej MACARE

sup m Anfa Y.atiEy
Thus m Ane t m ARE I supn MACAAF MACARE

E Sup MACAAFN m CARE



E sup m Anfa MACANFI
sup MALA M A o

o m E E.fm Ej by sub additivity

MACE 7 MACFN Egl M Ej
bymonotonicity

sup over N we hav m E 3 Ijf MACE

a MACE Ij M Ej

prop 7.4fi The set of measurable sets forms

a sa i e given any'Ytifection Ij
of measurable sets I Ij and Erj are

measurable

Pf o let's consider D Rj let

504
In Uj Sj let En Intent

then In are measurable Ew are measurable

Since D Is Ej i r is measurable

IRj ÉRj complement countable union

preserve measurability

i this is measurable



Lemma7.4fi All open sets in IR can be written as

a Lunin of open boxes

Recall some topology

a topology for a metric space X d

penalty Box D YE XI day x r

XE X V 0 real

opensets in X are generated from open balls

by taking finite intersection and arbitrary union

equivalently UC X is open iff ta Ell
Ir o sit Bex n C U

topology for product space

If X Y are top spaces then Xx Y can be

endowed with enducttopology i e W C XXY is

open if f x y EW I UC X V C Y open
sit x y E UxV C W

topology on IR

can be generated by Falls using Euclideanmathc

can be generated by box

Pf
Consider'Éational

boxes A box Ti Cai bi
in

is rational if anbe an bn E Q

open



open

The collection of rational boxes C Qi
is countable

Q is countable finite productof countable
selfis countable

and subset of countable set is countable

Sufficeto show that every openset in IR is a

union of rational boxes i e If U is open X EU

we want to find a rational Fox B St XE B C U

U is open i Ir o Sit XE BCN r C U

claim I rational box B st

X EBC Bexar

Prop Opensets in IR are measurable

Pf open boxes are measurable at
aopenset is a countable union of

open boxes

Fennaiedfinitifmeasurable set
Def A subset E C IR is measurable

if Us 0 there exist an openset U sit U E

MACULE S E

ofmeasurable sets

in discussion prove that all the properties Lemma in 74

can be derived using this Defy


