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12. Fix two real numbers a and b, 0 < a < b. Define a mapping f = (., /2, f) of R?
into R® by

fi(s,t) = (b + acoss)cos t
f2(s, )= (b + acos s) sin ¢
Sfs(s,t) = asin s.

Describe the range K of f. (It is a certain compact subset of R3.)
(a) Show that there are exactly 4 points p € K such that

(VAE (@) =0.

Find these points.
(b) Determine the set of all g € K such that

Vf)E ) =0.

(¢) Show that one of the points p found in part (a) corresponds to a local maxi-
mum of f;, one corresponds to a local minimum, and that the other two are
neither (they are so-called *“saddle points™).
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13. Suppose f is a differentiable mapping of R* into R? such that |f(z)| = 1 for every .
Prove that f'(+)-f(z) = 0.
Interpret this result geometrically.

let St <5060, H00 7, then swa ol =1,
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19. Show that the system of equations
3x+y—z+u2=0 (V)

x—y+2z24+u=0 )
2x+2y—3z24+2u=0 ¢3)

can be solved for x, y, u in terms of z; for x, z, u in terms of y; for y, z, u in terms
of x; but not for x, y, z in terms of u.

—
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W -@-3) ' U=3U=20 =DU=0,3
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14. An n x n matrix is diagonalizable if there is a change of basis in which it
becomes diagonal.
(a) Is the set of diagonalizable matrices open in M,,?

(b) Closed?
(c) Dense?
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proof o (3) -
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24. Show that all second partial derivatives of the function f : R? — R defined by

ry(z? — y?
f(z,y) { W if (z,y) # (0,0)
0 if (z,y) = (0, 0)

exist everywhere, but the mixed second partials are unequal at the origin,

92£(0,0)/0z0y # 0%f(0,0)/0ydz.
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