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Therefore K is a donutshape or a tubewithitsendsconnected1
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a istheradiusofthetube

nZ

i

a First compute Ofi

of sC asinscost Cbtacoss sine

For of is t O weneed

1 Sins D S ht n 0 I 2

4cost IF t s n n 1.2

and T O I
2 sint o t s me 2

5 0 T

Therefore mapping Cst t x y Z



O O H b ta O O

1507 H b a o o

OTu D C b a o o

TLTy H Ca b o O

b of aws s O

Forof Sst O weneed

Cos S O S n I 3

Therefore mapping E t Est wehave
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Sotheset we want is a circlescentered at coo a andcoo at
withradiusb

C f is tis Cbtacosis cost this is maximizedeverywhere
when costs coset s 1 which is achieved at s t o

so thepoint atb o o is a maximum f is minimized
when coscs I cos t 1 this is achieved at 5 0 t t

sothepoint c a b o o is aminimum
To seewhy a b o o and b a o o areneither consider

f tht s b a coset t D maximizes this

f S O s bt a cos s s s it minimizes this
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f CI t a fat o c f es o for s t close
so b d o o thepointin Kthat Tho maps to is neithera
max or a min Similarly Cab o o isalsoneither

53Cst asin s which is maximizedwhen s I andminimized when

S 3 Therefore f is maximized onthetopcirclecenteredat o 0 a
withradiusb andminimized on thebottomcirclecentered at co a a

withradius b
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Let fit Cf t fact fact thensince Ifit 1 1
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Geometrically thevector fits is perpendicular to f's tangentvectorat t
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First wenoticethat
I Z 3 4234 0 4 0 3

So thesystem issolved if andonly if u o or 3
Let f fi fi f where

f XY Z u 3xty Z tu
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Reparametrize f x y Z u as fch k where her KER
Thenwecantry toapplytheimplicitfunctiontheoremandshowthat
if fchaki 0 foragivenh R is uniquelydeterminedwhen h k
are sufficientlycloseto hokoandthusthesystem canbesolved

forentriesof k written interms of h
For ImFT to apply weneedto showthat B Eth is invertible

Wecalculatethedeterminant 4 times
detBso
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deeBa s det I 0

ImFTapplies to cases 1 2 3 butnot 4 Tofurthershowthat
X Y Z cannotbewritten intermsof U tosolvethesystem
notice

Bal E
Butsince Bu is notinvertible thisequationhasnosolution
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Forthisproblem themetricweuse is 1norm induced namely
dcA B s NA BA

where 11 Il isthe 1 normofthecolumnwithmaximum 1norm fromHW8
FromDiscord discussionwithSamuel sinceUn is a vectorspace norm
equivalenceapplies I choosethe 1norm although I believe say themaxnorm

isalsofine Furthermore I proneresults inMa but I thinkthe

results shouldgeneralize to n well

Lastly let s s Mella M is diagonalizable

a Overy WT S that O E o the Eballcenteredaround a
diagonalizablematrix isnotcontained in S
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Then we know

I HES
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3 W is diagonalizable
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Firstfindtheeigenvaluesof W
detcw XI l X

Xs 1 w multiplicity 2

ThenfindthedimensionoftheeigenspaceofWcorrespondingto 7 1

W l I s 8 dim E A I 2

W is not diagonalizable

Fromaboveandsince E is arbitrary Be H 4 S t E 0
thus S isnotopen

b Overview WTS 7 a limitpointof S thatis not in S
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Weknow

1 B is not diagonalizable fromcalc3
z V is diagonalizable Vhas a distincteigenvalues VES

3 d B V V EBe B

Be B n s 0
B is a limitpointof S since E is arbitrary

since S doesnotcontain its limitpoint B S is notclosed



c Overview W T S 7 MEAn S.t M S andM isnot a limitpointofS
Thusweshowthat 5 Un

ThefollowingconstructionfollowsfromtheMathStackExchange
answerby Adven

Let
12 19 I

The characteristicpolynomialofR is 741 and741so hasno
realsolution itsdiscriminant is negative1
Since R hasno realeigenvalues it is notdiagonalizable
Thenassumethat I Dn a sequenceofmatrices in S s t

Dn where an so bns l
Cnt I dn 0

Overall Du R SinceDnes its characteristicpolynomial

can X edn X bnCn

hasdiscriminant

an t dn zandn t abnCn 30

Thisimplies

lying at a du zandn t abnCn 30

But

fig an't du zandn t abnCn s 4 co

Therefore nosuch Dn exists So R isnot alimitpointof S
Since R Salso 5 Mn so S isnotdenseinMn
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