
 

Lemma 0

Byfinitesub additivity
M CEUF I SMA E t M F

So itsuffices to show

MACEUF 3 M CE t MCF

First HE 0 I B e openboxcovering EUF S t

Eg B I s m CE UF E

Since E and F are separated we can divideup 13 into 2

disjoint sets B eye B eye s t theyeach cover
E F respectivelyThen we have

E 1B I IE1B I 54113 I

And since
M CE sEye1B I M F sEg1B l

we have
M E tm F s5411351 53,113 I IB I SMLEUF TE

SinceE is arbitrary

M E t M F SMCEUF



Lemma I

Since t USA m u 3 me A we have

inf Mcu USA Uopen 7MCA

Thenit suffices to show

inf Mcu USA Uopen SMCA

t E 0 F B B openboxcoveringof A s t

IIB I sMCA t E

ByCorollary 7.2.7 of Tao M CB 113 I t j so

I 11351 Em B 7 m B subadditivity
3 inf m u u A Vopen B A Bopen

inf m U USA Oopen SmtCA E

inf m o USA Oopen smh since E is arbitrary



Lemma 2

Since Ei is measurable t L HE o F openset Up Ea s t

ML Uil E C E
Now let W E Ui and Wis UNE E É EL
Then if X E Wi E then t L X Ee Butsince XE WI E
X EW meaningthatforsomeL XEWi so X EYfWi
Since x is arbitrary I We 2 WIE Then

m WIE s m CEWi monotonicity

s Émawi countablesubadditivity

É E
E

Since Ui isopen W is open Therefore Es Ei is measurable



Lemma3

Toprovethis lemma we provethefollowing 2claims
Claim1 A canbewritten as a countable unionofboundedclosed
subsets

proof let Beex be a closedballofradius E centered at
X XE R Then we can write A as

A E Bico nA
since Bicol andA arebothclosed BaconA isclosed

Claim 2 Anybounded closed thuscompact subset
A C R is measurable

proof

Since A is bounded I openset U 2A s t by
Lemma l

M U C M A t E

Since U openand Aclosed VIA isopen Then by
Lemma 7.4.10 ofTao U IA canbewritten as a countable
unionofopenboxes Bi



Lemma4
Since E is measurable HE o I openset Un J E s t

M Un E E NEN

SinceUn is open Un is closed thusmeasurablebyLemma3
LetQ EUn then byLemma 2 Q is measurable and

E I Q C Un E Un

since if XE E IQ X Q SO XEQ AIUn then x t Untn
but X E so x e cUn IE Then we have

M E IQ SM Un IE CE S E
Since E is arbitrary M IE IQ so ThenbyLemma l t 8 0
I openset U o CE Q s t

M U MYE4 Q 8 8
Since CUE IQ C U

ma Ul E4 Q 8 E IQ is measurable

Lastly since

E EQ U Q andboth E4QandQ aremeasurable

wehave E measurable


