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We willprovethegeneralcase R thenthek z casefollows
Let fix in itsXn bethehyperplane then f is uniformlycontinuous
on CoI So forE o I 870 S t

dexy as Hai fay E x y e 0,1 dexy s IlX y la
Then fix ns.t.tn 8 let
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Az Bz bi bro É s bisEnt
Bz O I M Bz nBz so for it
I m o I s m YBz I mBz

Weknowthatfor XEBz
diaz x in as IfCad fix ICE

Therefore

Ez x fax XE B C Bax faz E fra t
M Ez s m BzxLfcaz E feast

s mBI m Cfcaz Efca E
E m Bz

Since IEz exfix Xeco i

m exfix XECOI I S E E m Bz
EEmcBz
E

MCS exfix XECOI so

Since xfixexert can becoveredby acountableunionofS
x fix XER alsohasmeasurezeroa



EG

Assume E is unboundedandmeasurable Then weknowthat
E canbepartitioned into a countabledisjointunionofopenboxes
plusa zero set thatwewill ignore

E I E cLemmafromlecture 6

Since Ej is boundedandmeasurable bythebondedversionofthis
theorem F Gs set G and Fo set F s t

F C E C G andMCG IF so

Wealsonowthat

F ITFj is also a Fo set F C E and

G YIGj isalso a Ggset E C G

Lastly since

G IF C G IF

we have
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Theproofforthisdirection in Pughworksforunbounded sets
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KLEAcan BCR bebothmeasurableandunbounded

Similar to Thm16
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s I Ai xB

Therefore

M AxB m GMCHixB

s IgMcAixB
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First since A C
JCA SJIA bymonotonicity

Then itsuffices to show J A SJ A For E 0 I By I anopen
boxcoveringof J A s t

If IB I s JCAl
Now Since Bj É covers A B É coversAsince

For XEA XE B forsome j XEBj
ForXEAIA x is a limitpointofA Then

Bs X n A 0 t 8 0 where Bsa is an open ball
withradius8

Bsex n Bj to forsome j t 870
x is a limitpointof B
Xe B bydefinition ofclosure

Therefore we have

J A s EY1Bj1
Defof J
Il d thatBjneednotbeopen

IT1B I
S J CA t E

J A S J CA

J I J A

Lastly theequality JCA m A followsfrom lice sinceA is
closedandbounded thuscompact


