
 

Let G graph f s exfax XE112 thensincef is afunction
foreveryXER I atmostone year s t Y fax Therefore aslice

GxofG has atmostonepoint Therefore mGx 0

BytheZeroSliceTheorem then m G 0

Let E C R be a nonmeasurable set and let fix Ie x
Then exfax XER C Rx O U Rx I I thensince

MIR x 04 t m Rx I 0 0 0

megraph f 0

But E nonmeasurable f nonmeasurable sothestatementdoesnothold
I shouldbesince Ex O I unmeasurable

sketchofconstruction
EnumerateGgsets in R as Aafora N
Let f R R H a IN I f an approximationto f s t
f is definedonlyon a points
If wecanaddonemorepoint to thedomainoffa s t x fat x1
isoutsideHathendoso If not Ancomainstheonptened why

iistackexchangesubject Lebesgue Measureofthe Graph of



I want to draw a pictureofthisstep butnotsure how
Perhapsthis
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Eventually if weextendthefunction to f Thegraphoff isnot
contained in anyGssetwithno fullmeasure
graphof hasfull intermeasure Howdoesthis lead to

f being a non measurable function

In Theorem 26 for a measurable set E C R xR if almost
allslicesof E is a zero set E is a zero set Thus

M E O M E O

If wedropthemeasurability requirement then forthe
Funtionable

we constructed in cc since eachsliceof its graph
is a point in R it hasmeasure zero However
thegraphofthefunction has positive outer measure



Let G graph f Thensincef is a function everysliceGx
ofG containsonlyonepoint thushasmeasurezero
Now consideranymeasurablesubset F C G its slicesFx

willalsoonlycontainonepoint SobytheZenSliceTheorem

McG O Therefore G cannothavepositiveinnermeasure

Thefunction f in co is f La b o o whosegraphhas

a positiveoutermeasureThen definegutsfix tr re R
Then a b x R c refgraphg I think

If weextendthedomainoff to R toconstruct ifunctionsgr then
graphgr c graphgi

Needto show m graphight n
Then

R c Lggraphgin



Idea 19showsthat I a meseometry I t I

FromCf we can send a subsetof R to R denotedE while

preserving measurability takesubsetsofthetranslations

ofgraphf denoted Fi withthepreimageequal to E Thenthis
algorithmthatsends E tographf is themeseometry



Thepositiveandnegativepartsofthefunction is
f x max fix O
f v maxi find

ggp
t

Let Et x y XER y 0
E x y XER Yco

WeknowEt E measurable Y f
E Assume yet ismeasurable then

u ft s Ucfi n E u ft measurable ftmeasurable
u f s Ucf OE Ucf measurable f measurable
E Assume ft f anemeasurablethen u ft Ucf measurablethen
Alfis a ft U Cucf n E ucf measurable

Weknow Ucf ismeasurable andwant to show
u tf is measurable

FromEx 23 weknowthat a diffeomorphism is a
meseomorphism thuspreservesmeasurability
Since T Ucf ut is adiffeomorphism and

exy to ex s

ucf is measurable ult is measurable so tf
is measurable



First it isclearthatbothT and T are diffeomorphisms

sotheybothpreserve measure Then

f g measurable acts u g measurable

Ullogf uclogg measurable

logf logg measurable

Next we have y y
lost log9 measurable

logfix t loggox log fixgo
logf t logg s logifg
uclogftlogg s ullogfg measurable

Since T preserves measureandsends uclogfg to actg
Ucfg ismeasurable thus fg is measurable

Forca we caneasilygeneralize to R sincetheset operations
holdin higherdimensions

ForCb and c we canfinddiffeomorphism T inhigherdimensions

b T Xi xn y h Xr Xn t
c T Xi Xn y ti Xi Xn logy



For f gthathavebothsigns weonlyneedto divide

Ucf and ug bythe 4 quadrants Then
we can

showthat individually the4quadrants are
measurable

Thentheunionofthepieceswill be measurable


