25. Let f: R — [0,00) be given.

(a) If f is measurable why is the graph of f a zero set?
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(b) If the graph of f is a zero set does it follow that f is measurable?
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**(c) Read about transfinite induction and go to stackexchange to see that there

exists a nonmeasurable function f : [a,b] — [0,00) whose graph is non-
measurable.

ot ok coosmnickion
© Enuvente Gg sets n B as Ay for de N,
lex £ R>B. VYo, 3§, an amiwaﬁonm{ S-t.
T cﬂﬂ?\\d &\lla,m O povis.
I wa can add o e oint <0 e dowain of £ st. (X, fy )

is owtside Ao, hon do 0 If ot M@VMM Lhy?
of Cowntably W\M\ﬁ,_\lo,\"h((l s in B> Ay has{uiu Mgasne. .




T wawt © dvaw o Picune OIY s sep, l’\)\‘c 0% U oW«

P@(‘m?g 4hig) ‘

| vrticdde : \
W (P oy | N At g veide
IEA sl B
f ) ‘ ‘
INLY I N

\

| |
' Em\m%a. vf\w_e\c‘cmo\Jch fuwaction m&WM oE{ is ot
dainad in (M\a, G, e with no M Mo -
> qeph¢f) has £l oo moswe.  How loes s lad o
£ beig o non-maasunoble fuunction?
(d) Infer that the measurability hypothesis in the Zero Slice Theorem (Theo-

rem 26) is necessary since every vertical slice graph of the function in (c)

is a zero set (it is just a single point) and yet the graph has positive outer
measure.
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(e) Why can a graph never have positive inner measure?
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(f) How does (c) yield an example of uncountably many disjoint subsets of

the plane, each with infinite outer measure?
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(g) What assertion can you make from (f) and Exercise 197

**19. Consider linear Lebesgue measure m, on the interval I and planar Lebesgue
measure 1y on the square I?. Construct ameseometry I — I, Thus meseome-
try disrespects topology: (I, M(I),m1) is meseometric to (I?, M(I?),ms). [Hint:
You might use the following outline. The inclusion I \ Q — [ is injective and
preserves mi. You can convert it to a bijection « : I \ Q — I by choosing a
countable set L C I\ Q and then choosing any bijection oo : L — LU (QN I).
Then you can set a(z) = ap(x) when = € L and a(x) = x otherwise. Why
is « is a meseometry? (Already this shows that nonhomeomorphic spaces can

have meseometric measure spaces.) In the same way there is a meseometry
B:I1°\Q? — I?. Then let A =1\ Q. Express € A as a base-2 expansion

r = (ajasazasasag .. .)

using the digits 0 and 1. It is unique since x is irrational. Then consider the
corresponding base-4 expansion

o(x) = ((a1a2)(azaq)(asag)...)

using the digits (00), (01), (10), and (11). Prove that o(A) = I?\ Q? and o

preserves measure. Conclude that 7= 300 o a~! is a meseometry I — 12.]
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28. The total undergraph of f: R - Ris Uf = {(z,y) : y < f(x)}.
(a) Using undergraph pictures, show that the total undergraph is measurable
if and only if the positive and negative parts of f are measurable.
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(b) Suppose that f : R — (0,00) is measurable. Prove that 1/f is measurable.
[Hint: The diffeomorphism 7" : (z,y) — (z,1/y) sends Uf to U(1/f).]
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(c) Suppose that f,g : R — (0, 00) are measurable. Prove that f - g is mea-
surable. [Hint: 7 : (z,y) — (z,logy) sends Uf and Ug to U(log f) and
U(log g). How does this imply log fg is measurable, and how does use of
T-1: (z,y) — (z,eY) complete the proof?]
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(d) Remove the hypotheses in (a)-(c) that the domain of f, g is R.
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(e) Generalize (c) to the case that f, g have both signs.
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