Ezercise 8.2.7. Let p > 2 and ¢ > 0. Using the Borel-Cantelli lemma, show
that the set

a & P e
{xel0,1]:|z——|< — for infinitely many positive integers a, q}
has measure zero. (Hint: one only has to consider those integers a in the range

0 < a < ¢ (why?). Use Corollary 11.6.5 to show that the sum Zsczl % is
finite.)
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Ezercise 8.2.9. For every positive integer n, let f, : R — [0,00) be a non-
negative measurable function such that

/nsi
R 471,

Show that for every ¢ > 0, there exists a set E of Lebesgue measure m(FE) < ¢
such that f,(x) converges pointwise to zero for all z € R\E. (Hint: first prove

that m({z € R : fp(z) > 52% ) < g foralln=1,2,3,..., and then consider
the union of all the sets {z € R : f,(z) > = }.)
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Ezercise 8.2.10. For every positive integer n, let f, : [0,1] — [0,00) be a non-
negative measurable function such that f, converges pointwise to zero. Show
that for every e > 0, there exists a set E of Lebesgue measure m(F) < € such
that f,(x) converges uniformly to zero for all x € [0,1]\E. (This is a special
case of Egoroff’s theorem. To prove it, first show that for any positive integer
m, we can find an N > 0 such that m({z € [0,1] : fi,(x) > 1/m}) < e/2™ for
all n > N.) Is the claim still true if [0, 1] is replaced by R?
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