Exercise 8.3.2. Prove Proposition 8.3.3. (Hint: for (b), break f, g, and f + g
up into positive and negative parts, and try to write everything in terms of
integrals of non-negative functions only, using Lemma 8.2.10.)

Proposition 8.3.3. Let () be a measurable set, and let f : Q2 — R and
g: Q2 — R be absolutely integrable functions.

(a) For any real number ¢ (positive, zero, or negative), we have that
cf is absolutely integrable and [ cf =c [ f.

(b) The function f+ g is absolutely integrable, and [o(f+g) = [o f+

Jag-

(¢) If f(z) < g(x) for all x € Q, then we have [, f < [ 9.

(d) If f(x) = g(x) for almost every x € Q, then [ f = [, 9.
Proof. See Exercise 8.3.2. O
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Ezercise 8.3.3. Let f : R — R and g : R — R be absolutely integrable,
measurable functions such that f(x) < g(x) forallz € R, and that [, f = [, g.
Show that f(z) = g(z) for almost every x € R (i.e., that f(z) = g(z) for all
x € R except possibly for a set of measure zero).
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