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ByExercise 28 c and e f g is measurable
Idea UsethequadratictrickforprovingCauchy Schwarz
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Show J is continuous

First we notethat since H is nondecreasing It is nondecreasing
For XECo I 3kX S3k A KE Z therefore

I RX s A13k 3K A REZ
Now byWeierstrass M test

ÉEk converges Étight converges uniformly
Since His continuous H is continuous andthenHk is continuous
thus 4 is continuous t k t xeco 13 Therefore J is

continuous on O I

Show J is strictlyincreasing
We know that at stagekof constructingtheCantor Function
if for x yeco I y x tn yand x would lie indifferent

intervalsofconstantvalues andHey Hex ThusAcy Hex
and IBry Ackx And t m R H3mgI ti 3M
Since o for y x we canalwaysfind k sit y x



Therefore JLy J x A Osxcyst Thus J is strictly
increasing

Show J so a e

Here's a sketchofmyattemp
1 Form aVital CorerofSabyCubes Q ChooseQr to

besmall s t eachQr is contained in aconstancyinterval

thatcontains apointin Sa forall k Thismeansthatfor
XEQu Hkex isconstant t k

21UseVitaliCoveringLemma toreduce Qi to a countable

subcollectionQ1Q2

3 Byhowwe constructed Sa eachpointx in SanQi
satisfies

himSathya a

Since J strictlyincreases Jaxth Jax decreases as hdecreases

Thismeansthat Jatht a t h o
Andthis is where I'mstuck as I am not sure howto tum this
consideration into measuresofthecubes
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Atthispoint if thedoubleintegralexists itmustequalto both
interated integrals Buttheinterated integralstakeondifferentvalues

thisimpliesthatthedoubleintegraldoesnotexist

b Corollary43 requires f tobenonnegative but heref canoutput
negative values



Sb XE s lyinmimBY
a t xedp E foreverycubethatcontains x we can

finda ballthat is contained inthatcube Thismake

every xedpEl also a balanceddensitypoint

b I'mnot sure how to constructthis set directly buthere

aremyconsiderations

I want to provethat 8balanced10 E s d since itshouldbe

easier to constructsymmetricintervals aroundzerowhich

couldinteractnicely as theball shrinks

I want E to be asubsetof E l I Since Osas1 if
wehave tocomputeproductsof a andmeasuresofsubsets
of E wemightwanttheproducttostaybetweenoand I
Eshouldcontain intervalsthatshrinks astheygetcloser

to 0 This is toensurethat as our Bro shrinks

Br10 shrinksaswell Theintervalsizesshouldalso
be relatedto a



Aftersomeresearch I discovered a dissertation

Martin NathanielFG Metricdensityofsets 1959
thatconstructssuch aninterval I describetheconstruction

here

For neN let
It htt t It s C t ha

Let Gi Gi beopensets s t
GRC It m Gt am Int

Gt cInt m Gi LmcIi

Finally define

G I GEUGi
Thepaperprovedthat Sbalanced OG a

c ThesameconstructionshowninCblactuallyprovesSioG a

sincethepaperusesdensity notbalanceddensity

d Myinitialideais toextendthesetconstructed in Cb to R
with a setcontainedin a intervalwith length 2 whosedensity

at themidpoint oftheinterval is 2 Butthisset isunbounded

andshouldhave infinitemeasure

I leave a referenceherethatconstructs therequiredinterval

Iwillupdatemyhomepageonce I understandtheproof

If weendupdoingfinalpapers I feelliketopicsrelated to
thiscouldbeinteresting
decamp Allan TheConstructionofa Lebesgue MeasurableSet
WithEveryDensity RealAnalysis Vol16017 199091 pg344 348



Thisproof is adapted from amonotonicfunction whose points

ofdiscontinuity forma dense set on mathcounterexamples net

where ageneral case witha genericdensesubset is shown

Let D Q n O I D is dense in O I Welabeltheelements

of D as di da Let fixIgnatz

Show f is increasing
Let osx cyst then

fly f x InEasy 70 sinceD isdense

Show f isdiscontinuous AXED
Let x dmeD Os yex then

fax fay Egan g
É

Therefore f is notleftcontinuous X ED thus

f is discontinuous t XED
Show f is continuous t X E co I ID
LetX E coI ID HE 0 thereexists

1 NEN s t O E t's E Let 8 0 besmall

s t Cx Xt 8 n da da div 0
Then for y X C S

o c fay fax s 2 E EEnt's LE
nxadnsy



2 Do C dnED dna St Edna fax E

Let 8,70besmall s t x Sa x nDo D
Then for x yes
fat E Inept Easy

sfay

since n dntDo C ndnsy

fax fly E
Choose8 min S Sa then

Ix y s HAI fay ICE
Thus f is continuous onCoI ID


