
 

Since a set of boxesof anyvolume cancover0
m o s inf Rn I c o o o

wi Thevolumeofanyboxis nonnegative bydefinition
Sotheinfimumof thesetofvolumesofanycollectionof
boxes is nonnegative

Vii Let Ms EyV01CB CB es covers BY

N Enrol B CB ez covers A

Since A SB MEN therefore

inf N s inf M
M A Smt B

Ciii We will use induction Based I I I
E O F coverings B es B jeg of A Az S t

I IBil s m Ai t E

EalBil s m As t E

M CAil tMEAz t E I 113 15 1131
Now Bj ecausa is a covering of H UAz Then

Feng1131 3 M CAUAz

Since I 1131 531131 3Ego IBil

M CAil tMEAz t E Z M A VAz



Since E is arbitrary
M CAil tMEAz t E Z M A VAz

MÉ jI assume m YesA s Eam Ai
N T S Thefor htt
Let A YjAj then

M gymA I s M CAUAnti
s m A t m Anti

sFgm A t m Anti

IjnMCA
x V E O F coverings Bmme of Ai 2 1.2 s t

I lBml s m tie

Then I E IBmI s É m Ai J t E
Let J I Ji then Bm me is a coveringof Hi Therefore

m CÉAL S E IBml
Since I IBmls EE lBmt wehave

M CÉAL S IEM CALIJ t E
Since E is arbitrary

M CÉAL SEEm Ai



Xiii Foreverycovering Bj of R

I 113I I 143 X I and B tx is a coveringof Rtx
Therefore thesets

I 113I B covers r

I113txt B covers a

are equivalent so

Mcr s m rt x



TIE 0 I A3 B thatcoverA B s t

I IAiI s m H tE EIB I s mCA E
Thenforany i j HixB is also a box so wehave

Ail s m Ai 1B l M B

IAixB I MCALXB

HixB I IAil1B I
fromCollary 7.2.7and Definition 7.2 1

Now since AxB E YHixB
MCHxB SMCYCALXB

s EI MACAixB

II IA ill B I

EIALI 1B I
s M A E MLB E

Letting e so we have

MACAxB S M A m B



t.sc
a First we can rewrite

Aj ÉCA IA 1 whereHos0

So

M ÉA m ECA I A 1
IF meA MCA D

shimÉ MCA MCA it

GbMCAn
b IFAj A I YiCA1H

me A s m A me LA IA

MCA lyingmCA IAn
fromCal
sinceCA1H SCA lAtil

tip meth M AilAn

sfig m Ail Anan
s figmCAn



thirst
we define a set ofboxestranslatedfromcotain let
A O ta t t car Az an Ai AnE 0 1 q 1
There are an boxes inH and A C co 1 sinceweexclude

theboundariesofeachbox
Therefore

q m co t s m A s m co in I

MEto f n s q n

second let

Be O to t t cbibas bn bi bnE 0 1 9 13

be a setoftranslatedboxes of o t
Now B covers O t exactly so

O I n ÉBi BiEB
Therefore

I m o I I s M YEBa
sÉmcBil
s q co t

mco t n z q n

Third let Sn bethenumberofsidescedges of o f
Theboundaryof o ta can berepresentedas

ÉCD V E where

D X Xn ER X 0 OSXistgfor it
E s Xi Xn ER X sta OEXistafor it



Then HE 0 let 8 É ID TIE1 d I coverings CD GE
D Ej S t
CD Xi Xn ER exp Os test for k l
CE s Xi Xn ER ta Exact k o s testfork l
IC I S ID l ICEI S tEel

Therefore

M COta I Ost S m ÉCDVE
5IFMCD VE
s II MCD MCE

sÉ ICD t IGt1

8 ID ITIE I

E

SinceCosta and o ta I Costain are disjoint

q
h s M Oto

m Ost t m Ota I co t
S M lo t E

s q t E

Letting E so

MELOtq q
n

Also
g n z m costa

M Costa M Ota I co t



3 M O q E

z q n E

Letting E so

M o taj s q
n



I A n so b 0 or 2 An c o o 0 then
I MK A O t m AlcoA

Mt A
2 M A M CAn OW to

M A

If neither U or 2 is true let A a b ByCollary7.2.7
Mt AACO O MY COb b

Mt AILOW M La o s a

Therefore

Mt AACO O MY AILOW b a MA A



Tet A E la bi asdefinedbydefinition 7.2.1
Similar to Exercise 7.4 1 if

I can bn n lo s 0 AR E D Al E A
M A s o t m A M CA

2 Canbn n10 A Can bn AME A AIE 0
M A s m ARE TO MYA

Now if an O bro first
M H s II cbi ai Eicbi al ibn an

Define B An E B A IE thenB B are boxes aswell So
M B II bi ai bn
MCB II bi ai c an
Mt B t m Ba II bi ai Cbn an

I cbi ai
M A



7.4.31
Let D bethehalfspacedefined intheLemma
t E 0 F B Bj acoveringofA s t
F IB I s m A E

By Exercise 7.4.2
M CB M B nD TMYCB ID

Since A E B
An D E B n D AID S BID
MCHAD S M BAD
M AID S M BID

Now SinceA CAND U AID
MY A S MCAND T M CAID

S M BAD MCB ID
MtCY BMD M Y B D
s IMLBMD MLB ID

I m Bj
s E 113 I
sMMA t E

Since E is arbitrary
M A M CAND T M AID



Forany ACR
A nCRIME A IE

AI RTE ANE

Therefore

M A MtCANCRnI E t M CAICRIIE
M CAIE TMYCANE

s m A sinceA is measurable

b Forany ACRn Since E ismeasurable

MA A X M CAXI NE MCCAX IE
And

MCA X M A
M CAXI NE MCANCETX
MCCAX IE MACAICETX

MXA MCAn EX MYCAI CEN

Et x is measurable

M E MCE X followsfrom Xiii of7 I
C Let EE Rn I E i LE 1,2

A s AME N E
Az AME NEE
As A NEi nEE
Ae AR E in E

W T S AA C R
MtCA M CAnCERED t MCAICE NE



Now

AnCE nEa A

AICE n Ea A nAsAAu

So we W T S

M A MCA t M AznAznAa
First

M A MCARE MYCANE since E measurable

M CAUAz t M CA UA4 l

ThensinceEz is measurable

M CAVA MACCAVAN NE MACCAVAD IE

M CAI t m Az 2

M CASUAL M CAVA4 ME tMCCAUAa IE

M Ay tMtAz 3

Then we can show

MY AzVA3094 s M CA UASUA4 ME TM CA UASUANE

M Az t m AstAul
M Az tmt Az tm Aa 4

From all above

M A s M CA VA tM A UA4 byCl
M Ai t m Az t mAz Tmx Ay by

2 3
callthis 5

M Ai t m AzUA UA4 by 4
E n Eameasurable



Then W T S V A C R
Mt A M CAnCE VED T M CAICE VE

First

AM E U E A UAsUA4

A 1 E U Ea A

So we WT S
Mt A M CAUAsUA4 t M As

SinceE ismeasurable

MCHUAzUAa M CAVA VA ME IT M CAVA VA4 IE
M A VAz t M Aa
Mt Ai t m Aa t m Aa by 2

Therefore

M A s m A t m Az tm Az tm Aa by 5
M CA UAzUA4 tMCA

d Wewill use induction BaseCase N Z
This is shornby cc
E MEz E U E measurable

Inductions
AssumeEatIF Ej and Eb YIE are measurable

Then fromcc

Ea V Er s E E and
Eb n En s E E are measurable



e Let B II Caibe Xi Xn ai c Xi be LEEb n

Then we can express B as A nAz where
A s Xi Xn ai Xie n CE 1 in

Az CX Xn WLXiebi IE I n

But Ai Az are translatedfromthehalfspaces
E s CX Xn Xn O

Ez Xi Xn XnCO

Namely

A s X t E i Az Xz t Es namely
X s Ai Az An

Xz bi bas bn
Therefore

Er Er are measurable Lemma7.4.2

AnAs measurable part b

B A nAz measurable part o

f To show E measurable we show
MCA M CANE t M CAIE

Let m E 0 then t ACR

M ARE SMALE O

MCAn E 0

SinceCHIE CA

m A I MCAIE M CAIE tMA ARE I

Thensince CANE UCAIE A



MIA S M CANE MCAIE 2

ByCl and z
MCA M ARE t M CAIE


