
 

RemarkaboutHWI

want me anybox sVolbox thegueMeasure

Weknow m closedboxs volume
m copenbox svolume

If we haveany halfopenhalfclosed box B
B C BCB then
v01Bo m Bo s M B S M B v01B
M B svol B svolts s ti bi ait

PA But BnA

A is measurable A measurable

B A measurable BMAmeasurable

WT S Mt B s m A t m BIA

ThisfollowsfrommeasurabilityofA applied totestsetB
m B s m

Bpa
t m BnA l

WTS VA C R
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DefineFN ÉEj Weknow
1 Fn is measurable
2 M FN ITM Ej



If wereplace EbyFN since E Fn EccFi Then
M ARE MACAnFN

MA ANE S M CAnFYI

Toprove ex weneed s and 7

s finitesubadditivity
7

M ARE S E M CARE bycountablesubadditivity
supÉMCANE
s supm Anew byfiniteadditivity

Therefore

M ARE MLAME I supMCANFN MYCANE4
s sp MCAnFN MCAREY

A changeinfiniteunion s sup mCAnFn t m CAnFill
to discreteunion ssupMCAthenadditivity limit

MCA

M ESIMHE bysubadditivity
M E MYCFN ITMCE
supoverN wehave
M E ÉMCE
MCE EMLE



p Consider R Ri Let
Disjointize union

IN É Rj En RNI riv 1
Then Rn are measurable EN are measurable Since

I I Ej
r measurable

1,2 É or Sincecomplement countableunionpreserve

measurability AIR is measurable

Recall Topology

Topologyfora metricspace X d

openball Bex r s yeXIdayx or x ex reRt

opensets in Xare generated fromopenballsby takingfinite
intersection arbitraryunion

equivalently Uex isopen iff Axe U tr o sit

BCX D CU

Topologyforproductspace
If X Y are topologicalspaces then xxy canbeendowed w
producttopology i e W C XxY is open if tox g EW
I UCX Vey open s t CXY EUXV CW



Topology on R
Canbegeneratedbyopen balls using Euclideanmetricon R
canbegeneratedby openbox

Consider rational boxes Abox T la bi is rational if
Ai bi an bnGQ
Thecollectionofrationalboxes C Qm is countable

SinceQ1iscountablefiniteproductofcountableset iscountable
andsubsetofcountableset is countable

Suffice toshowthat everyopenset in R is a unionofrationalboxes
Want tofind a rationalopenboxB s t XEBcU
Since U isopen F r o s t XeBox r C U

claim Frationalbox B s t XEBCBCX r

PO openboxes are measurable

an openset is a countableunionofopenboxes

AlternativeDefinitionofMeasurable set
Asubset E C R is measurable if He o F exists an open
set U s t US E
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OriginalDef
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