
Exercise 7.2.1

d) Prove that the empty set 0 has measure
m* / 01=0 !

all open sets cover 0
, including those

with zero volume
,
so

Inf { § Hit :/ I ;) ;e, covers 03=0 ☐

( ri) Prove that osm*ln) Sta for all measurable

set r :

since Vol / • ) is a nonnegative function ,
the sum of volumes can never be negative

☐

Nii ) Proof that if A- c- BED
,
then m*l A) 5m¥ B) i

since A is a subset of B
,

B covers A
.

Thus we find that

n'YAK int { { Voll IT ) :( IF );+ , covers A }j

s int { { Voll I} ) :/ IF ;£ , covers B }

=m*( B) ☐

(Viii) Prove : If / A;) ;, , are a finite collection of

subsets of R
"

,

then

* ( Uj A;) t.fm/YAj)



We know that the collection is finite
,
and

that for all A
;
exists (I¥µµ such that

MMA ;) :{ Vol / In;)
K

for an E > 0
,

it holds that for all it ] :

{ V01 / In ;) *µ EMMA ;) -1£
k bl

since Aj is covered by 11£ ;) # µ and As Vje , Aj .
/ It;) peek

,
jeg

covers A and

m*lAIs{ { Voll In;) } EMMA;) -1£, ) :{ MYA;) + Ej K j

And as E → 0 we find that

MTV
;

A;)#
*

(A) s§m* / A;)

cxj Using the same argument as previously we

now have a countable set ( A;) joy .

for every

A
;
exists ( Ia; / * µ

such that for every e > o

f Vol ( I ,e ;) cm*( A;) -1¥

Again , II.;) t.ek.jo , covers A and

m*( A) I § ! Vol / It. ;) < §(m4A;) -1 ÷ ) = { MTA;)-16
,

I

and as J is countable
, § s E

,

As { ⇒ 0, we find

MYY.gg/tj)-m*lA)sfm*/ A;)



Lxiii )

Let LI ;) ; , ,
be a collection that covers r .

If we translate R by ✗ to Rtx we find that

hitch -1$) 5- { V01 II
;
-1×1
.jo,

-_ § V01 II;) joy -1 § VAUD
j

= { Vol II;) jfys MYR)j

If we let Tsn + ✗ and let (I;) je , cover T
.

Then I Ij - x) ; , , covers r and

MTR ) C- § Vol II ; - X )je , = f. V01 II;) jogs MTR -1×1

And by this

mild )=m*( Atx)
aie boxes

b

o - in { 0s {⇐ ✗ 111
;Exercise 7.2.2 j

s { Voll Valli )

(0.19×10.1)--110,01
,

11,4 ) ) EÑ
☐

0--1=1

to .tl/N=lo.D.lo.2).o.o1... ) I essentially ¥%
I thought process of the proof : We can cover Axp with

Ajx By

* let 1A;)
; , ,

be open boxes covering A and

* let (B.) hey, be open boxes covering B.

Then ¥11k, ) (MIA) 1- E and { Vol 1B¥) ( WE (B) + E
for E > o

h
k

Because of * and * we know that

VI. j AJXB ;
covers AXB

.

Thus by lemma 7.2.5¢)



m¥nlAxB)=m¥! ;Y
.

A;xB ,)s{m*
j.ie

mtn
/ Aj ✗ Be, )

*
☒ because we use

= Em? /A;) m*mlBµ ) :{ MICA;) { MIC By ) open boxes
,

we

i.K J K just multiply
< (mI(A) + E) ( m*m( B) + e) areas of boxes

and as we let { → 0 we find that

mI+mlAxB) 1m11 A) mint B)

Exercise 9.2.3

ay
ex for case of A

,
S Az . By monotonicity ,

m*lAIsm*( B) We need to show that

m*lAUB)=m*CB)
.

As ASB
,
AUB :B and the result is trivial

Prove that for A
,
C- A
,

S
.

..
We have m*( UJA ;) slim MMA;)

g- → •

PROOF by induction on i

5. 2 : A
,
SH
. .

As A
,
Covers A

,

and A
,
SA
,

A,VAiA,
we have that

MMA
,
VA
,

)=m* / Az)
* from 2

Induction step - k=n+t
n

Assume that
*

up until n
, m*µA;) -MEAN ,

then by using our induction hypothesis we
find that since Aws A+. A ,nUAµ=Aµ ,

so

he

m*lU;A ; )=m* / An VA ,)=m* / Ar) ☐



scetcyh
A
,
? APA, ? " > An↳

Prove that for A
,
? A
,
? "

^

A,AA=A
,m* / YA;) slim MMA;)

j⇒o ⑧ MYA.UA, )=m%Ad
#

same asPROOF by induction on j
before

js 2 : A
,
? A
,

A,AAz=A,
which means that

WE VI. A ;) = !,i¥, MTA ; )=m*lA,)
Induction step : le = ntt

Assume that from 2 to n it holds that

m*lÑj A;) slim m* / A;)
join

them by using our induction hypothesis on An ,
since An ? Ana , = An we find that

n n

Anh Ai f. A;h An :p.

A ;=Aµ
and therefore

m*( Ñ
;
A ;) slim MMA ;) ☐

j ⇒ he



Exercise 7.2.4

Prove that for
any q > t , that the open box

10
.

'
/g)

h

:{ IX
,

- - - Xn) ER
"

:O < X
;
C 4g for 0s j 5h3

and the closed box

[ 0
.

'

Iq ]h:{ IX ,
- - - Xn) ER

"

:O S X
;
E
'
lg for OS i 5h3

both measure 9-
h

n

PF : open box j Imagine an open box 10.1 ] with treasure T
.

This box can be covered by yn boxes of size 10,4g )
"

such that

each box is translated by Mg .me got in each direction
.

Since

each box is disjoint and together we a subset of [0.TT

by monotonicity we get

m*( [o.fi/=tzqnm*1lo,1qi)--)m*llo.4qi1sgi? *
Now if we look at gn translates of the open box

10.4g ]
,̂

since Vullo , '

g) + %) :[ 0.TT , by sub additivity we get
milk .TT/=tsgnm*llo.taD--)M*lco.Yq ]) 39?



Exercise 7.4.1

show that if A is an open interval in R , then

v.a) is measurable
,

i. e.MY/t1--m*lAnco.oD-m*lA1co.a))
we note that A / 10.*) : Ahl - o.o ] .

As in the lectures
.

Lets define that A.is/tnco.x ) and A. = Anto ,

0]

since A
,
UH

. .
by sub additivity

m*lA)sm* / A+ ) -1nF / A.) smMAAIO.at/tm*lA/ 10.* ))
how to show 3 consider a collection ( B ;) ,.gg that

covers A such that

* { Vol 1B;) sm*(A) + § ,j

Now let Bj :B; 110.0 ) and Bj :B; 110,0]
then B

; :B ! V13 ; and using another E

Vol 113 ;) -1¥, ? Voll Bj:) -1 V01 113;) ? Vol 113 ;)
Now since Y.BE?Aj+andUjBj?Aj we find
m*lA+ ) -1m$ / A) SEVOIIB;) -1 4. V01 113 ;-) ? §.

V01 LB ;) -1¥ ,j

s§VollB ;) -1¥ MMA)tz§=m*lA)tE

and by letting E ⇒ o we find that

milA) 3m$ /AN 10.* ) ) + m*(A / 10,0))
☐



Exercise 7.4.2

Prove that if A is an open box in Ñ
,

and E

is the half
.Plane ESEA, -

- - ✗NER
"

: xn> 0
,
then F. is

measurable
.

Pt : Let A
, :{ ( X, -

-
- ✗DER! ✗

n

> 03
,

A. :{ ( X
,
- i. Xp c- R

"
.

✗us 03

we then want to prove that

w*lA)=m*( An A+) 1- MYA / A
,)=m* / A+) + MTA. )

we know that MMA) : VOILA)
,
WHA
,)=VollA+) , and

m*lAj- Voll Ad by definition of an open box
.

We first show that MEA) ? MMA
,
) -1m$ / A.) :

for any E
,
> 0
,
find a { Bj} that covers A. such that

MMA) -16
,

? § Voll B ;) :{ ( V41 BY )aVdCBj ) )
= &

.

Voll BE )t§Vo1lB ;-) *

WhereNihat
,
and TBiÉA

,

and where

B B
,
.AE/X*--.Xw):xn> 03

B B
; MEN . . - Xw) : xns 03

take another E, > o and by * and *

m*1A+)sEm*lB ;) :{ V01 113 ! )i

m* /A) s§m*lB ;-) :{ V01 113 ;-)
⑤ m*lA+ ) -1mL A.) EMMA) -18, and when {

, . ↳ → 0

m*lA)=m*lA*Jtm* / A.) ☐



Exercise 7.4.3

Proof that the half space { ( X
,

-
- - ✗

n
) C- Rnixw> 03

is measurable
.

Pf
.

This follows from exercise 7.4.2
.

since for an

open box A
,

m*( A) =m*( A+ ) + MY A.)

with A+ being the half space and A- = A/ A+ ☐

Exercise 7.4.4

Prove lemma 7.4.4

a) it f is measurable . then E
"
is measurable

Pf : We have that

my A) sm*lAnE)tm*lA /E)

=m*( A / É ) -1m¥An E) ☐

b) If E is measurable and ✗ c- Rn
,

then

✗ + E is measurable and MIX -1 E) smfh

Pt: We know that outer measure is translation invariant
,

i. e.
,
hit Atx) : MMA )

.

We have that

m*lA)=m*( An / ✗ -1 E) ) -1 MY AKE -1×3 )

⇒ not /A-D= MICA -HAE) 1- m* / CA - x) /E)

and by translation invariance of 0M ,

it holds ☐



c) Prove that if E
,

and E
,

measurable
,

then

E
,
I E
,

and E
,
UE
,

measurable
.

PF for G.AE, : wts WYA)sm* / HAE , AE, ) -1 MMA / IE , AE, ) )
we start by noticing that

(E
,
n E.)ICE,nÉ ) HEINE.lv/EinEI

we define

A
,
ARE

,

A E.
, A+ . = An E

,
A Ei ,

A. FAA fins
,

A.
.

= An Ein Ei
and notice that A-

+ +
U A.

+ UA-i.UA.- .

With these definitions we now need to show

wool A) sm*1A
, , )tm*lA+.UA- + VA .-1

Looking at MTA ) we can deconstruct it be disjoint

* m*lA)=m*lAµ) 1-MAIA, ) +MY A. +1 -1m$ / A . . )
and by the same argument we have

* mTA-i.UA- + VA .. ) 1- MMA
,
) +MY A. +1 -1m¥ / A . . )

By * and * we have that

wool A) sm*1A
, , )tm*lA+.UA- + VA .- )

Pt for E
,
V E
,

: wts MY A) =m*lA
, ,
VA
, -
U A.+1 1- WHA

. .
)

using the same argument as above
,
be disjoint set

WTA) =m*lAµ) +MMA, ) +MY A. +1 -1m$ / A . . )
= MYA

, ,
VA
, -
U A.+1 1- m*lA

. .
) ☐



N

d) if E
,

.
.
- E-
µ

are measurable
,
then U

, Ej and Ñj⇒E;
are also measurable

.

Pt by induction on N :

base case N :L : Both are true by Lemma 7.4.4.4

Induction step : K=N -1T

Assuming the proposition holds for N
.

We investigate Ntt

We first want to show that
K

m* / A) =mYAn(Ñj⇒E ;D -1 WHAM
,
-

⇒
E;) )

we can write
K Ntt N

Aj :p Ej
= Nj Ej =/ ↳⇒Ej )AEµ+ , - Let f* :p

"

f-1- Ej

= En E
N -1T

Then by using to same argument as in c)
,
split

into disjoint sets and derive that the intersection

of E
"

and Eµ, , is measurable .
A
""

j=,
Ej is measurable .

Now show

m* / A) =m7AA( ftp.f-jxtmYA/lV,?.,E;) )
we again write

K

Vj , ,Ej=U
""

µ , ,
with ÉSUN;E;=( U; E;) VEN#

'

- ÉUE j⇒E ;

and since the union of two measurable sets are measurable,

0¥,E; is measurable
☐



e) Prove that every open or closed box is

measurable

PF : using interval notation for all boxes in R
"

for

simplicity .

We can write

[ a. b) = f-9.b) A [a.a)

= 1- go] tbh a-110 , )

and we know that translations and unions are

measurable by lemma 7.4.4 b)
. d) .

Thus the closed

box [ a. b) is measurable .
for the open box the same

argument is proper ,

NOTE : Half spaces
are measurable by
Lemmon 7.4.2

☐

fj Prove that if m* / E) so
,

then E is measurable :

Pfi we w.t.s.MY/tJ--m*lAnEi-m*lA/ E)
.

We know that

m*l An E) sm*lE) :O (⇒ m*lAn E) so since m* is non -

negative
since A / E C- A

,

We have

m* /A) 3h01 A /E) =m*C An E) t MMA / E)

Now
,
since 1A / E) VIAAE ) : A, by sub additivity we have

m*lA)sm* /An E) -1m$ / A /E)

And thus E is measurable ☐


