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Ex } : we hits
. that a line y :X has measure Zero .

Pf : Consider the line in the plot of y :X

Let L:{Ky ) :y=x3
.

The linear map L
✗

A :(
cost :-| isinftjt) ) y=✗
since) cost :-)

can be used with Pugh 6.3.9 to

take L to I :{ ix.yliy :O } by s

rotating it by ¥ ,
y :O

i
We know by Pugh 6.3.9 that

will)=mlL
'

)

And we have previously seen that we can cover

I by countably many boxes like this :

for an E > o let Bi-f-zi.si ) ✗ f- ¥2 , ,¥, ) . Sinsen vi at

113,1 :/ e.ci/-/zz!.+-/-.zitt#g-zEi-
and since 8113,1 covers I ,
mlilsmlOIB.it/sE (sub -additivity )

i

and as { → 0 We find that w/ I) :O MLL ) :O



Ex 6

Them 16

Using Pugh lemma 28
.
We can separate E into a

countable union of disjoint open cubes and a zero set
,

let these open cubes be Bi .
then Esu

;
Bi V2.

For each cube Bi
.

We have a Box surrounding it called Ai
,

decreasing and open sequences Uni .vn , and increasing and

closed sequence Kn ; = Ailvni .

.

Since each Fisvnkni is an

fcyset contained in Bi and each Gi : An Uni is a Gs - set containing

Bi
.

Since let F : Uif; and Gis 4. G ; .
These are £ and Gs sets

and Thus FC E C G
.

furthermore m( G) f) :O as

mfUiG ;) Uif;) : §. m( Gil f;) = 0 disjoint ness and additivity

The other way holds by the proof in Pugh .

☐



Thin it - unbounded and n- dimensional case

The n - dimensional case holds by the same proof as

Push if A c In
,
Bc I

"
when In and I

"
are unit boxes

Assume now that either A or B for both ) are unbounded
.

Let the unbounded set be A. A can be written as a

countable union of disjoint open boxes plus a Eero set :

A = U
;
Ñ

;
V2

.

If B is unbounded , let 13--4.15 ;
V2

'

We can now describe m(A) = Ejmlt ;) -1m (2) Sgml
and m(B) : E.im/B;-) . Furthermore ,

A ✗ 13=4-4.17, ✗ Bi.

we know that w/ AIX 15;) : MIA;) MLB ;) , so

w/ 4. U :# ✗ Bit )s § §.nl/t-;lmlBi)--EmlTti)&mlBi)--mlA)m( B)
j

so m(Ax B) = ml A) MLB)
☐



Ex 3 :

Prove 3*1×-1=3*1 A) =mCA)
.

We know that for a bounded set ACR :

h

39A)=inf{ III ! :I ; open interval and ACH
,
Ii }

ist

as
-

means the closure of a set
,
Ii are closed intervals

.

Pt : 2*(17153*111)

This holds by monotonicity since ACH
,

⇒ (A) IT / AT

for each E> 0 we can cover Ii :[a. b] by a

Ii :( a-E. b -14 . Thus

UI
;
CU Ii and 3*1*3571 Ñ ) for ÑCU;É;

letting { → 0 we get 3*1151=7*1 A) ,
so

T( A) 37*1 A-)
.

Thus 7*1 A) = THAT

By property 5 of Pugh ex IT
.

if It is compact
,

then 3*1A) smllt) . A is bounded
,

so A- is compact and

FLAT smllt ) . Thus T.tl/t)--FlA)=mlA )

☐


