
Using def 2 : a subset E is measurable if

HE >of V > E : hi / V1 E) < E. and V is open

Prove lemma i. 2. S
.

finite additivity for separate sets

wts that for f.Fc Rd
,

dist ( E. f) > o with

d / E. f) = inf { IX - yl : ✗ C- F.Yet }

then m4EVf)=m*( E) 1- MTF)

Pt: ( s ) by sub -additivity this holds
.

We can utilise an E > 0
.

Let { Ap cover E and

{ Bj } cover f. then nice) s { tail and m*( f) s§lB;) ,

i

Now let 4,3 cover EV F. for an E > o there must exist

or cover 5. t
.

£14,1 Shittu f) te .

Suppose that { A ;) is the part of 4+3 that covers E. and { 13.3
the other part

.

then

WME ) -1m$/ F) 5419.15mF EU F) + E ,
and letting { ⇒ we find that

MKE ) -1 WTF) SMEE Uf) ☐



lemma t '

, MY A) s int { MTV ) / V > A , V is open 3

Pt :

( s ) by monotonicity this holds

(3) By def 2 A is measurable
,
HE > OF V7 A

,

V
open s.to

.

m*( V1 E) S E

Definition of m* / E) : Inf { ftp.t :{ Bi} covers E3

let É> 0 be such that

F. 1 Bit £ m*lf ) 1- E
'

since myV1 E) can be arbitrarily small . it can be such that

m*N) 54.113 ; / SMFH -1 E
'

*

By definition 2 We can pick appropriate U based on E and

É
.

As we let E → 0 we find that

Inf { my v11 V3 E
,

V open}
5mF E) + E

and by then letting E'→ 0

Inf { my v11 V3 E
,

V open}
5mF E)

☐



Lemma 2 : if E
,

.
. . is measurable

,
then 4. Ei is measurable

.

Pf : For each E
;

there exist an open V
;
> E

;
such that for É > 0

,

MTV
,
.IE ;) < É .

Now let É :& for any E > o
. By

sub - additivity
,

a

m* / 4. ( 4.) E ;))=m* / Jiu;) VIE ;) 5%94.IE;)
meaning

m*lÑ;Ui\ÑiE ;) s§m*lU;lE ;) < §&.

:{

Since Vivi is open , Vi Ei is measurable
.



lemma 4


