
Exercise 39 HWF

We have

④ f. g measurable

② T.ge integrable .

By ④ , and Exercise 28
,
f- s is measurable and thus

fog exist
. By ② fÉfg' exists and

ftfgsfleifls }

By the Cauchy - Schmitt inequality for integrals
we find

flfify.is/ffgffg1=Iffgt
and thus

fIfgÑ -

-ftp.iflg#zf1fg1=ffgttffg-zffj-ffg-?ffg
*
Works by prop 38

. Only thing left to show is that

ffg for f. g is an inner product :S f. g) sffg
Lemma : for f. g. measurable , ( f. g) sffg is inner prod .

Pt :

Conjugate symmetry :

ffgsfgf since fgsgf
linear mapping :

flat tbgjh =/ afhtfbghswffhtbfgh
Positive definiteness :

fff : ff
'

=/ 1ft > 0 since Ifl is non - negative .

☐

u



Exercise 48
.

To be honest I found this very difficult in the sense

of just wrapping my head around it was hard
.

I also had difficulties with the other questions
.
which

took time away from this
.

I will probably return to

this
,
if it is alright .



Exercise 53

"

Hey , :{
¥ 0 ' ✗ < yet

-É o < y s ✗ at

let us start by integrating iteratively .

We use

Pugh corollary to which states that If Riemann

integral exists . then it is equal to Lebesgue integral

/Thanks Griffin ! ) . I also include Michaels plot , as it

is a very intuitive way of looking at the function
.

We start with f.
"

f. fcxiyldxdy . fix .p=É

f.
"

f.
'

flx.yldxdy.I.it#Hi**i*iii*ii*iiiiH "*÷:&/ fiflxryldxldy
now

I
9

Itchy )dx=f?fk.ytdx-fjfcx.yldx-ff.d-x-si-I.dx-f-y.it! +11×1 ;
sty -1 I -

'

get

so I:( I fix .y ) dxjdysfjtdy-lyj.si
In the same way we find

flofcxiyjdy :[ fcxiyjdxt /If IX.y ) dx
=) : - Edy -11L 'qd× :[ - Ey] ! -1ft, ] ;
= - j - t -11g s - t



so

f. ( f! fix .yjdy)d×=% - tdx :[ - x ] :-. - i

Now for the double integral . We know that since the

above integrals arent equal . the Riemann double integral

doesn't exist
.

b) This does not break corollary 43 because

f- is negative and the corollary requires
our fans to be non - negative .



Exercise 58

g. Since f- is measurable
,

for almost all XEE
.
✗ is

a density point , Thus for a decreasing sequence of

boxes {Qi ?

1imm(Qin si
.

Q ;bX MCQ;)

how fur each box
,
make a ball that contains

that box and is centered at p .

↳
take E- [ 0

,
f) CR

.

for an ✗ C- [0.1 ]
,
let

✗ -4
.

I ✗ > I
1-✗

I :{ + a vx=o xt :{ t as 's vast

0 a = I 0 ✗ = 0

Let Qw=fÉ.É ] .

Then Fran :[ 0 , ] .

Let 10=0 .

then if ✗ so trivially SLP
. E) 0 and if ✗ =t

SIP
.
E) = 1

.
If ✗= t then

limmlanm-1-slni.gg = 's
Qwbp m(Qw)

for I > ✗ 5 's

iimm"=1im¥ñ_=k¥
. ;÷÷==✗Qnbpmloin) n→;÷,i+ !

for 0 < ✗ at
Iim =limt-y-limt-sxqnbpmkwn-gaf.tl?-n-satna

I



b) My ultimately unsuccessful try at a covering was to

define En :[ ¥ , ] st that each E
;

was defined
zw

to be segments of [¥ , ¥;] of length d) in . hi

iii.
-

T ,

"

,this can be seen in the line →

O t

By placing a ball with center 0 and radius In :B , lol
zn

My goal was to somehow show that for

a

E- VE ; , Éµ= E) HE;)
i :O

limm-BE-limmlB.IM#--1imm-=---nlr-somlBrlP
)) w→a

m(B¥pj) nor mltf-n.FI )

My intuition says that this will work as there an overlap

when th numerator has an infinite sum as measure

iii. ✗ it
hit tune

"

However I couldnt make the calculations work
.

d) Due to me not finishing c i didn't get a chance

to answer this
.
Michael did however share a lengthy

paper on this
,

which i might read in order to understand

this further
.



Exercise 66
.

Example used from Counterexamples .com by
Jean - Pierre Marx

.

Let P= { Pn be a convergent series
.

of positive numbers
.

e.g. Pn :& .

Let f :[ o.TT → R be defined as

flag :{ I
dnsx in

for a dnc-QALO.IT
,

ne IN
,
i.eu dn is the nth element

in the countable set an [o.IT
.

for a 0 s ✗ cyst
.

f- (y ) - f- (x) : { ¥ > 0
✗ sdnsy

since An ¥ > 0 and there always exists a dn : xsdnsy
.

Thus f is monotone
.

Lemma t : f is right cart on [ of ]

Pf : pick ✗ c- [a.b) .

for any E > o there exist NEIN st

o < { Ess
h? N

Let 8 > o be small enough that no point { f- -
- - ¥3

in IX. ✗ + 8)
.
Then

0 < fly' )- fix)sn§µ¥CE for y - ✗ as

with ye IX. ✗ + s) ☐



Lemma 2 : f is discant on an Cat]

Pf ! Take a ✗ sdwEQnlo.D.fr any of y CX

fix ) - fly) = { % > to
ysdr.SK

so it is not left cart at ✗ c- Qnnco.tl ☐

Lemma 9
.

f is cart at all ✗ c- [01]lQ .

Pf
.
Let Nlx] :{ n c- IN / dwsx } .

Since ✗ Kahlo .

I]
,

fix)= E 1-

HENG,
Ñ

for any { so there exists a finite subset No c- NH)

s.tn#y&> fix) - {

for any
8>0 St

.

the interval ( x - 8.x) doesnt

contain any for nf No we have for y c- (x- 8.x)

fix) - E s fly) :{ < fix)
duty

and thus fix] is cart on ✗ ¢ QNO.IT


