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a) We can define the graph of a function as

61ft :{ IX. fix) ) c- Rxco
. I }

We see that f is a series of points and thus

if f is measurable
,
we can slice the graph into

many fi
,

all of which will contain only a point and be

zero sets
.

Thus by the too slice theorem G will be

a Zero set
.

* We slice on first diw
,

b) so each E
;

contains

No
,

from Tao 7.3 we know
a IX. FIN )

.

that won measurable sets

in R exists
.

Consider a non
- measurable set A clot

.

let

fix :{
" ✗ c- A

f :R poor)
o ✗ ¢ A

.

Then 618 ) is a zero set but É%⇒ not

measurable

d)
By the stack Exchange post from g

,

if we remove

weaswrnbility we can generate a function that has

positive outer measure
,

0 measure (and thus isn't measurable)
but can be sliced into infinitely many slices of measure

0
.

Thus weaswrability is a must
.



ej Assure GCEI has positive inner measure. Then exists
box

Hc G (f) Closed with positive measure
.
Then

2- ×
,
.✗
,
E K : ftp://xd

,
X
,
# % .

since box has positive sides .

But fix is unique for each ×
.
Contradiction and GIF ) has

Zero inner measure
.

☐

f) The idea from g is to generate a function

from transfinite induction such that f
,
estimates 6 down

to a difference of a null set containing vertical lines
,

The complement of this
,

Which is a Gg set covering -1,
must then have infinite outer measure

.

Each of these

partitions done by a vertical line has infinite

measure
. Uncowntwbly infinite lines create uncountable

infinite measures
.

5) Dna to a tight schedule this week i have

not had time to answer this question .

I will update the version on the course website

with an answer when i have time
.
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Using this Picture let N be the total nudes raph.

Important is now that in order to find m(U_Cf)) we

must also include measure of the negative parts of

:
From the hint we know from Exercise 23 that J is

a meso morphism and thus preserves measnrability ,

T : Hip ⇒ (x
. ;-) .

We know that w/ f) is measurable
,

and

for all IX. y ) c- Ulf)? by def of U / f) y < fcxj
,
so

§ > ¥, , which means IX.
'

g) C- ( DCF ) /% the
"
complete uppergraph

"

Thus Huf) = (ñ¥j! As T is a meseo morphism and by properties

of measurable sets
,

Wf news ⇐stuff meas ⇐) ñ¥ meas ⇐I u¥ meas

* ☐

forgot case where y :O
,
although in that case

IX.+a) c- tuff so proof still holds
.



"
Ti IX.y ) # IX. logy ) is a diffeomorphism meseomorphism

.

Let IX.y ) # IX. e
" ) ,
which by same argument is a

meseo morphism .

Tlhf) and Thug ) measurable
.

We write T as log to ease notation :

log / Uf ) , log lug ) wears

'

Ullosf)
, Ullog g) meas

⑤ Ul log f) Uullogg ) meas

⇐> Ulloglf .gl ) meas

⇐ > U( Tlfig)) meas

Ñu( Tlfig)) meats

(⇒ WIT"( 1- Its)) meas
= Uff -g) meas

☐



dj
9)

In the removal of R
,
we now have f :Rn⇒R

Thus ☐F- { Hi , - "

.
✗
n . Y ) : y < FIX

,
:
-

✗ n
) }

Instead of Bothering with a plot depicting ntt dimensions

Think of the set U_f as being split into a

positive port and a negative part in the sense that

one has fix] > 0 and the other fcx) < 0
.

Let Utf :{ lx
,

n - ✗my ) : ya -11×1 , -11×1303 and

b-f:{ (×, .in/n,y)iyafCN.flxJC03 ,
Then

then bf=yfU Utf and thus LHS meas RHS news

b)

Using the earlier proof but extend from ✗

to IX
,
,
n

, N works as well
,

g

Same case
,
extending to Rn does not change

proof as only nttth dimension of map is touched ,

e) *
Ufs UFU Uft

if f and g have both signs
,
let UÉUfnlRX[o.o)) and

UF=Ufn 112×1-0.0) ) .
Same for g ? Then log f- is not

defined
.
but I:(✗ ,y) ⇒ IX. -y ) is ameseo morphism and such

U
"

log ( Fcf)) is defined
.

if we use the method in c)

an uft and ng
'

,

and on TTUE) and Ting)
.

Continue with



1-
"

( Ufj and ugt , and UÉ and T
-

Yug' ) , for the final

two use It again in order to fix signs
,

all function

combinations are measurable
,
and

wftg-uuftg-uuf-gtw.at-g- =ufg is measurable
.


