HW11

Wei-Hsiang Sun

Question 1

For n = 2, we define

O = |z| "2 (21dwy — xodx)

for n = 3 we define

(a)

Qg = |z| 73 (x1dxy A drs — zodzy A 23 + T3dTy A T9)

Can you prove d€); =0, dQ22 =0

Proof.

Q) = |x\72(x1d9:2 — xodxy)
= (af + 23) " H(wrdwy) — (a7 + 23) 7 (w2dar)
= dQy = d(23 + 23)z1 Adry — d(2? + 23)z0 A d2y
= {— (22 + 23) 72227 + (22 + 22) ' }dxy A day
—{—(2? 4+ 23) 7?2232 + (23 + 23) " }dao A day
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Oy = ‘$|_3($1d1‘2 A x3 + xodx1 A x3 + T3dxy A 1‘2)

= |z|3x1deg A 23 + || Pradry A xs + |z| T 3xsdry A xo
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(b)

Can you write down the expression for general n? Can you prove df2, = 0 for
the general case?

Q, = |;L'|_n (Z(—l)i+1$id$1 Ao oNdxi—g ANdzigg N ... d.%'n) (1)

dry Ao ANdzi_g ANdxig AL day, (2)

=2 @-21 R

Proof. We prove directly that df),, = 0. Let n € N, then

i)ttt —n\ z;(—1)"!. 2z,
dQ, =d —&—()1”’ Adzxi A
Z < ’L 1 )n/2 2 (Z’L:l .'1/'22)71/2-"‘1
/\alx2 1 Adzigg A ... dxy,
1)t x?) — na?
= Z ((27 ! J32 Z)dxi AdziN
i )"
.../\dml,l /\dx1+1 A...dx,
B i (=1 ()= #7) — naf)
i=1 (Z;’I 1 j)n/2
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dry A ... Ndz,

(c)

= |$|73£L'1d2 ANds — |£E|73£L'2d1 ANds + |£E|731,'3d1 A do

Opas cos(ms)mcos(2m)t  —sin(mws) sin(27t)27
= det ’
0sot —sin(ws)w 0

= —sin?(7s) sin(27t) 27

0p13 cos(ms)mcos(2m)t  —sin(ws) sin(27t) 27
= det
0sot —sin(ws)m 0

= —sin?(s) sin(27t)27

Op1a det cos(ms)m cos(2m)t  —sin(ws) sin(2nt) 27
dsot cos(ms)mcos(2m)t  —sin(ws) sin(27t) 27
=0



Note that 23 4 22 + 22 = (2sin?(7s) cos?(27t)) + cos?(ws) then
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_ Lot sin(ms) cos(27t) o )
_/0 /0 © sin®(ns) cos?(27t)) T+ cos?(ms) )32 ( sin”(7s) sm(27rt)27r) dsdt
Lot sin(ms) cos(2mt . )
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=0



