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Question 1

For n = 2, we define
Ω1 = |x|−2(x1dx2 − x2dx1)

for n = 3 we define

Ω2 = |x|−3(x1dx2 ∧ dx3 − x2dx1 ∧ x3 + x3dx1 ∧ x2)

(a)

Can you prove dΩ1 = 0, dΩ2 = 0

Proof.

Ω1 = |x|−2(x1dx2 − x2dx1)

= (x2
1 + x2

2)
−1(x1dx2)− (x2

1 + x2
2)

−1(x2dx1)

⇒ dΩ1 = d(x2
1 + x2

2)x1 ∧ dx2 − d(x2
1 + x2

2)x2 ∧ dx1

= {−(x2
1 + x2

2)
−22x2

1 + (x2
1 + x2

2)
−1}dx1 ∧ dx2

−{−(x2
1 + x2

2)
−22x2

2 + (x2
1 + x2

2)
−1}dx2 ∧ dx1

=
x2
1 − x2

2

(x1 + x+ 2)2
dx12 −

x2
1 − x2

2

(x1 + x+ 2)2
dx12

= 0

Ω2 = |x|−3(x1dx2 ∧ x3 + x2dx1 ∧ x3 + x3dx1 ∧ x2)

= |x|−3x1dx2 ∧ x3 + |x|−3x2dx1 ∧ x3 + |x|−3x3dx1 ∧ x2

→ dΩ2 = d

(
x1

(x2
1 + x2

2 + x2
3)

3/2
dx2 ∧ dx3

)
−d

(
x2

(x2
1 + x2

2 + x2
3)

3/2
dx1 ∧ dx3

)
+d

(
x3

(x2
1 + x2

2 + x2
3)

3/2
dx1 ∧ dx2

)
=

x2
2 + x2

3 − 2x2
1

(x2
1 + x2

2 + x2
3)

3/2
dx123 −

x2
1 + x2

3 − 2x2
2

(x2
1 + x2

2 + x2
3)

3/2
dx213

x2
1 + x2

2 − 2x2
3

(x2
1 + x2

2 + x2
3)

3/2
dx321 = 0dx123 = 0
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(b)

Can you write down the expression for general n? Can you prove dΩn = 0 for
the general case?

Ωn = |x|−n

(
n∑

i=1

(−1)i+1xidx1 ∧ . . . ∧ dxi−1 ∧ dxi+1 ∧ . . . dxn

)
(1)

=

n∑
i=1

xi(−1)i+1

(
∑n

i=1 x
2
i )

n/2
dx1 ∧ . . . ∧ dxi−1 ∧ dxi+1 ∧ . . . dxn (2)

Proof. We prove directly that dΩn = 0. Let n ∈ N, then

dΩn = d

n∑
i=1

(
(−i)i+1

(
∑n

i=1 x
2
i )

n/2
+

(
−n

2

)
xi(−1)i+1 · 2xi

(
∑n

i=1 x
2
i )

n/2+1

)
∧ dx1∧

. . . ∧ dxi−1 ∧ dxi+1 ∧ . . . dxn

=

n∑
i=1

(−1)i+1((
∑n

j=1 x
2
j )− nx2

i )

(
∑n

j=1 x
2
j )

n/2
dxi ∧ dx1∧

. . . ∧ dxi−1 ∧ dxi+1 ∧ . . . dxn

=

n∑
i=1

(−1)2i((
∑n

j=1 x
2
j )− nx2

i )

(
∑n

j=1 x
2
j )

n/2
dx1 ∧ . . . ∧ dxn

= 0

(c)

Ω2 = |x|−3x1d2 ∧ d3 − |x|−3x2d1 ∧ d3 + |x|−3x3d1 ∧ d2

∂φ23

∂s∂t
= det

(
cos(πs)π cos(2π)t − sin(πs) sin(2πt)2π

− sin(πs)π 0

)
= − sin2(πs) sin(2πt)2π

∂φ13

∂s∂t
= det

(
cos(πs)π cos(2π)t − sin(πs) sin(2πt)2π

− sin(πs)π 0

)
= − sin2(πs) sin(2πt)2π

∂φ12

∂s∂t
= det

(
cos(πs)π cos(2π)t − sin(πs) sin(2πt)2π

cos(πs)π cos(2π)t − sin(πs) sin(2πt)2π

)
= 0
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Note that x2
1 + x2

2 + x2
3 = (2 sin2(πs) cos2(2πt)) + cos2(πs) then

Ω2(γ) =

∫ 1

0

∫ 1

0

|x|−3x1d2 ∧ d3 +

∫ 1

0

∫ 1

0

|x|−3x2d1 ∧ d3

=

∫ 1

0

∫ 1

0

sin(πs) cos(2πt)

((2 sin2(πs) cos2(2πt)) + cos2(πs))3/2

(
− sin2(πs) sin(2πt)2π

)
dsdt

−
∫ 1

0

∫ 1

0

sin(πs) cos(2πt)

((2 sin2(πs) cos2(2πt)) + cos2(πs))3/2

(
− sin2(πs) sin(2πt)2π

)
dsdt

= 0

3


