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Proof. WTS
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So it suffices to show
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But we know that



/(f+g)++f‘+g‘=/(f+g>‘+f++g+
Q Q
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iff (f+g9)t+f +9 =(f+9) " + f"+g" almost everywhere. Thus we
divide by cases
Let z € Qs.t. f(z)+g(x) >0
ﬁfx)>09()>0¢f@%+Cﬂ+0+0—0+f() g(x)
) >0, g(x) <0= f(z) +g(x) —gx) +0=0+ f(x) +0
z) <0, 9(x) > 0= f(z)+g(x) - f(z) +0=0+0+g(z)
x) < 0, g(z) < 0= does not exist
Let z € Qs.t. f(z)+g(x) <0
1ff(x)>0, g(x) > 0 = does not exist
() >0, g(x) <0=0+0+ (—g(x)) = =(f(2) + g(x)) + f(x) + 0
if f(x) <0, g(z) > 0= 0+ (=f(2)) +g(x) = =(f(z) +g(2)) + 0 + g(x)
()<Q9@)<0$0+(f(D+CﬂWD= —(f(x) +9(z)) + 0+ 0 And
s(f+9)"+f"+9 =(f+9)~ +f"+g" andso

/f+g—/f+/

Proof. 1f f( x/ g( /f(;r all/x ge Q_t]r}eng _/ . / B
(ho L) e (L f)

> min{f,0} < min{g, 0}
oo f7 = —min{f,0} > —min{g,0} =g~
S Jo fT = [ 97, and similarly, [, g7 > [, fT, thus it follows that
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(d)
Proof. let Z = {z|g(z) # f(x)} be a null set such that for any z € Q\ Z,
f(z) = g(z). Then
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similarly, we can get

/g:/ g+_/ g_
Q oz o\z

By the hypothesis that g = f a.e, we get [o, , 97 = [q, , /™ and that Jo, , g~ =
fQ\Z f7. Thus it follows that [, f = [, g O



8.3.3

Proof. let f,g be absolutely integrable s.t. f(z) < g(x) and [, f = [z g, WTS
that f(z) = g(x) a.e, that is, 37 s.t. * € R\ Z then f(x) = g(x). Want to find
Z. Let Z = {z|f(z) < g(x)}, suppose m*(Z) > 0, then we decompose [ f into
the form similar to part (d) in exercise 8.3.2

= bl

AR Ean AR
R\Z z R\Z z
similarly, we can get

/g:/ g“r/g*f/ g*f/g*
R R\Z z R\Z z

But since [p\, 97 = Jp\z [T Jaz /7 = Jr\z 97, and that

90 > [, 0" J,f~ > [,97 , thus [ f < [gg. A contradiction, thus
m(Z) = 0. Thus for any z € R\ Z, g(z) = f(z).

That is, g(z) = f(x) a.e. O



