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1 Overview of Ch 2 and reviewof Chs
So far what do we know about hob's function

definition complex derivative ficz exist f t continuous

convergent power series 2 an Z Zo is hot'c

I do all holomorphicfunctions admit suchexpansion
In 0h2 we answer these questions in affirmative andmuchmore

and a powerful is using line integral
unitopendisk

Main Results

fCz dZ 0 if fez is holt in Dk

T is a closedcurve in D
Thursday

Cauchy integral formula L S

if f is holic on D C 3D then

then fin It d
Z

knowledge of the function at the boundary determines its
behavior in the interior

To begin we start from a baby example of us where

N is a triangle that is the Goursat thin



hm Gowsat Let f be a hole function on a regions
and T be a hollow triangle in r whose interioris in r then

I fCZ dz O i R

idea subdivide the triangle into smaller and smaller ones
recursively and prone by contradiction

Pf Let T T be the initialtriangle
d diameterof T megxe Ix yl
pi perimeter of T sumof the lengthsof 3 sides

iTDivide T into 4 parts

yT T t T t T t T't
Tif wewritebothsides as sumsoforientedsegments 2

i l Stas fHdz I Ei ft fczsdzlt 2 itfii c l f fc dz
f dz

4 Max

we let T be a T i that achieves the above maximum
Repeat the above process one get a sequence of triangles
T T Then

d diameter of T ta dinD
d n D In d

P perimeter of Tom In p

Let II boldface be the closed triangle suchthat I'm



is the boundary Then
TEC s Tt s Tt diameter so

is a nested sequence of compactset Then thereexistsauniguepointZo E TI for all n
Pf pick any Wn E TI then Wu is a Cauchy sequence

hence converges By closedness of Tt the limit point w E It An

That's existence Now suppose there are 2 limitpts w w
then diamCTI T I Iw w't for all n contradicts withdiam o

We use the holomorphicityof fez at 2o to write

f Z f Zo t f Zo Z Zo t lolz Z Zo
where 141271 0 as 2 Zo 4z T

In particular En Max 141271 0 as n is
2cTcn

Jpn f d't Jpn foto t f'tZo ZZo Htt ZZo dZ

Jpn fczd.CZZo7tf'czo ZzZI2g.dZ fTcn4lZ lZZddz
L

O i F'CZdZ O

I fin 4ft Z Zo dz ESTcn 4Czsl lZ Zol.ld2I

FEIN HAY Feaf IZZol Sta fdtl
En d P In En



Put everything together

Syco fca dz E 4 Iftu fatsdel 2 4 EnEn pasdes

En p d's
since this is true for any n we may let n 20 to

get
l Sto fasdel t 0 fee fczi.dz O

With Goursat thin in hard we immediately get
Corollaryi let 52 be open fir a hole

P be a polygon I can be triangulated whose

interior is in R then Jp fatdZ 0

Notation if r is a closed curve we sometimes

write ftp.fczldz for f fat dz

uni open6 disk
Forsimplicity and concreteness let's consider holk on D

Tim Let f be a hole function on D then
there exists a primitive F for f

Pf We construct a function F D Q then



we show that 5 is hot with F f

For any 2 E D we define a curve Tz from 0 to 2
as following 1 first move horizontally
then move vertically And we define

fCZ Sqfluidw

To check FA is hot'c we consider the small variations

5teth Fez Z
2the

Spy fondue I
2 4

4 d t J feesdue

Zth

O t ftp.z.hfcwdw
T i L iscontain in D
and f is hot in D
byGoursatthin Cor
vanishes

J f z fCZ w 2 ywCw dw
z I little o notation
zth represent a term R.ch suchthat

f Z h och K 70 as h o
f 2th f Z



Faith FCZ
Thus f Cz line a fez

h70

Them Cauchy's thin for a disk


