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1 Overviewof chord
2 Goursat Theorem J f DZ O entry point
3 Cauchy 7hm in a disk

1 Overview of Ch 2 and reviewof Chs
So far what do we know about hof's function

definition complex derivative ficz exist f t continuous

convergent power series 2 an Z Zo is hot'c

I do all holomorphicfunctions admit suchexpansion
In 0h2 we answer these questions in affirmative andmuchmore

and a powerful is using line integral
unitopendisk

Main Results

fCz dz 0 if f iz is holt inDt
T is a closedcurve in D

Thursday
Cauchy integral formula L E

if f is hot'c on D C 3D then

fc i d5g
Z

then
knowledge of the function at the boundary determines its
behavior in the interior

To begin we start from a baby example of us where

N is a triangle that is the Goursat thou
Jordanthm simple closed curveon R2 cuttheplane
into 2parts interior exterior



hm Gowsat Let f be a hole function on a regions
and T be a hollow triangle in r ri2 then

I fCZ dz O i R

idea subdivide the triangle into smaller and smaller ones
recursively and prone by contradiction

Pf Let T T be the initialtriangle
d diameterof T mggxeµh

pl perimeter of T sumof the lengthsof 3 sides
TkDivide T into 4 Parts

XT T t T t T t T't a i
1CDif wewritebothsides as gamesoforientedsegments 2

i l Stas fHdz I Iii ft fczsdzlt 2 IS
i i c l f fc dz

f dz
4 Max

we let be a T i that achieves the above maximum
Repeat the above process one get a sequence of triangles
T T Then

d diameter of T ta dinD
d n D In d D

P perimeter of Tom In p

Let T1 boldface be the closed triangle suchthat I'm



is the boundary Then
F co s TI s Tt diameter so

is a nested sequence of compactset Then thereexistsauniguepointZo E TI for all n
Pf pick any Wn E TI then Wu is a Cauchy sequence

hence converges By closedness of Tt the limit point w E It An

That's existence Now suppose there are 2 limitpts w w
then diamCTI J z Iww't for all n contradicts withdiam o

We use the holomorphicityof fez at 2o to write
fit fczo

fez f Zo t f Zo Z Zo lolz Z Zo
where 141271 0 as 2 Zo 42 1cm

In particular En Max 141271 0 as n is
2cTcm

theyhaveprimitives

fTen f DZ Jpn f tf 4127CZZo dZ

Jpn fc2 ieZ Zo7tf'CZo ZzZI2g.dZ fta4lZ lzZddzL
O i F'CZ dZ O

Tom
oHaslett foferctn.riti.at SrfdZlE nrrgxlfl lengthr

I fin 4ft Z Zo dz ESTcn 4Czsl lZ Zol.ldZl
Tds

FEIN HAY Feaf IZ 2ol Sta ldH
E En d P En d P



Put everything together

Syco fca dz E 4 Iftu fatsdel e 4 en fzn.pio.de

menP d's
since this is true for any n we may let n 20 to

get
l Sto fasdel t 0 fee fczi.dz O

With Goursat thin in hard we immediately get THE
corollary lets be open fir a hole

P be a polygon I can be triangulated whose

interior is in R then Jp fatdZ 0

Notation if r is a closed curve we sometimes

write ftp.fczldz for f fat dz

uni open6 disk
Forsimplicity and concreteness let's consider holk on D f y iv

Scutivscanids

Tim Let f be a hole function on D then
there exists a primitive F for f e aavec

Pf we construct a function E eiiii



we show that F is hok with F f.on

For any 2 E D we define a curve Tz from 0 to 2
as following 1 first move horizontally

qthen move vertically And we define

t.cz Sra.fmdwi
Fan III

To check FA is hot'c we consider the small variations

FC2tk NZ

Segun fondue ELI

few dwJ.iq hf IXzth
I SrfdH

O t
z

i µa aYeH
T i L iscontain in D
and f is hot'c in D Idw
by Gounsatthm acor z g

dw fat f
X Eth

vanishes
g
f'CH ftp.czth Z

I fCZ w youow a dw flank
z T.h

ehe.io noioTitTzthy
represent a term R.ch suchthat

Ufgczy.pt hzRChI o as h o
f 2th FC



Faith FCZ
Thus Ftz line T fCZ

h70 Existenceof
primitivefor
holefunctionon

adisk
Them Cauchy's thin for a disk

Let f be a hole function in D
T a piecewise smooth closed curve in ID then

yfczsdz o

Pf e ft has a primitive F ie F'if
i F'GI dz D

FERCH FCrcas r ab D
Morera thm Ha tCb

Rink ConverseThm if f is continuous in D
if Igt closed curve in D fr fdZ o

then f is hok A IcizKz

A f A a futz

fczi.dz 2ti zdz
121 1
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E x dew dm
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fffs d'T
gcw dw gov is

a hot's functionIwl4

O
on lute13
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11 pneed Z CnCZZoshow

Tie g EEje 7for Z EDrCZo
A n t 2 Zo1Whe Anc w j

a fan an Z
a Igiven120142 hQ

can one find Cn St fCz I can Z Zo
f Zo 4 for Iz Ekin

Cn T aus it will be an infinitesane
it atleast for izzo.ir



requires one to bo_d ICI
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