















Final Goal I Prove Riemann mapping Theorem

statement Let r C E be a simplyconnected region thenfor

any 2OER there exists a unique bi holomorphic map

f I D suchthat f 0 f zo

Exe in A interior of a polygon

as r 1 ZEE lImZ o

in a et Inset
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strategy construct a family 5 of functions fo r D

sit f is holomorphic injective may notbeturfed
f Zo o f Zo o or If'cz2D

127 take the limit inside F to maximize f Zo
Ah s Normal family in

Riemann mapping ChfTo show the limit exist we Tum
Stein shortcut like

need to introduce the notion of L approach
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2 Recall last time with distfan da
Let RC E region S be a metric space

Map CD S continuous Ceg S R E E

we equip Maples with
or Rd or Rmifma

a metric f Ji r S pcf.gs is the distance

TConstruct P as follows
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IPropTi If fu is a seq of fern I S fires

TFAE a f n f in p distance i e lnitfopcfn.FID
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a.k.a locally uniformly

Normal Family

Let F C Mapes be a fade offer
press

Notions of continuity
continuity A fan f I S is continuous a if

VZoC R VE 0 I 8 0 dep on f 2 E Sit

It 2 Er with II fol S we have d fez fizos LE

Cuisfremcontinuity A fun f is 75 is uniformly

continuous on a subset F CR if HE o 7,8 0

dep f E e St U Z Zeo EE with 17 ZolaS we have
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equi continuity Let F be a family of fer S

We say F is equicontinuous on Ecr if HE o

I 870 dep on 5 E s Sit H f E F V ZZo EE

sit IZ ZolaS we have dcfh7 fcz.de E
s

ev 5 x E S

E to fCz

equi continuity means uniform continuity in both the f and Z
variable

Deff Normal Family Let Fc Maple S We say

if andonly if for every seq 9 of
functions in F it contains a subseq that converges

uniformly on every compact subset in S2

Note the limit of the cops f subseg is NOT required

to be in F

Recall Thar Bolzano Weierstrass a metric space
is compact if and only if every seq has a convergent

subsequence with limit in it



Core Let F CMapesS Maple s is equipped with f dist

Then F is anormal family the closure in Map Ris

is compact

Terminology if AC X IT is compact we say A is relativeopt

metreThin Arzela Ascoli Thm g space

wt F c Mapes S continuous fan I S

F is equi continuous on every
F is normal 4 7 opt syzqt.ee

Lii forany 2 Er the values

fCEI UfEF is contained in

a compact subset of S
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Pf Ci we need to show that t E CR cpt t o

728 0 sit It f C F V Zi Zz E E with 121 22128

dlfczi.fm LE

F is normal 3 7 F is compact HE is complete

and totally bounded

Def
F totally bounded

a metric space is e if every Cauchy seq has
a limit S

a subset E of a metric spoutis totally bounded



if for every e o there exist finitely many balls
in S ofradius E that covers E
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F is totally bounded as asubset in Mapes 5

using Ig distance
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Now return to the proof of cis

Using F is totally bounded and given ECS CptEG
E o we construct representative f e fN E F

sit V fEF 7iist.SE dCfczI.fiCzDLs
cpt

Then focus on these 2 far from E to S
hence we can get a 8 sit V Zi Zz E E IZ Zaks

we have

dffitti files L fit I N

by uniform continuity of fi on the E



with such 8 chosen we have Uf EF
F Zi Zz EE IZ 221CS we apply the triangle

pick an i C I N3 sit deff fi Es
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Heir Need to show for all seq fu inF

we can pick a subseq fni MicmacNsc

such that t Ecr cpt fai converges uniformly on E

We will use Cantor's diagonal argument
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Pick a countable dense subset of RA 1
IL Ese 32,33 I e g Q Q her

dense in Q

Construct an array of indices Riaj
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Satifying each row is contained in the previous
row as a sequence

l.im frig SK exists
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construct it row by row e.g for k I we lookat

point Sss we have the full seq fis facs 3
since it is contained in a apt subset Lii it subconvenges

repeat the step with thetequence obtained from step
and pointSz



let Ni Nii thus V Sk
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we claim fni converges uniformly on E

Tpf claim HE o need find N o sit V i j N

delfino fry E

By equicontinuityof F on E IS o s t
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open

By compactness of E we can cover E by balls

Bg Sn n pick a finite subcover say
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