
 

Preparatoryworki

t.lv iyfwanayhfY Montel's thm

The Let F be a familyof analytic fan r Cl
locally

then 5 is normal F is uniformly bounded

Ahlfors 1324Thin15 i e HE crept I k ca bounded

t V f CF f E c K evCFxE
Cpt cpt

bounded

Pf HE crept er Ex E e is a continuous fan
with compactdomain

i K EULEXE is compact i f E ev sit xE a ke

we use Arteta Ascoli thin andtry to prove
Li 5 is equicontinuous on any compact subset F Cr

ii f 2 Er eve5 x z is bounded

Iii is automaticby uniform boundedness since we cantake the
compact subset E Ez

Li follows from Cauchy integralformula Let Ecr

be any compact subset Let P distCE Do Then 0ZEE

Dp.CZ CR Let E 2 I distcz E p then E is compact

Let M Iff SIEHAH then by uniform boundedness M is finite

Uzi.Z.EE if ft ZakPE then J
fan fizzy 737 fzf dz

it za HI az z
IIIYes

o

c Cp ZiZ 2DIZZz
2

Ifm total t IZi zu zap M 2 ft Iti 721



HE O let s o be small enough such that

safe and 2ft'S LE
Then FfEF V Zi Zz E E with 1Zi 2al L S we have

If fizzles proving equicontinuity of F one E

2 Hurwitzthm.CA fonsP
If functions fnot are analytic and ricking in a region52
and if futz fez uniformly on every compactsubsetin r then

ftt is either retro or identically zero
nonvanishing
our

Pfi provebycontradition Suppose f 0 and 7 Zoar sit
B

flZo 0 Then there is a small disk Brito CSL sit

f E Ipggz 0 Then zitifig dot 0 However

tiny da if de o

2B

since futz fTzy andfine ftz uz E 2B andconvergence

is uniform on the compactset 213 Hence contradictionwith

f filth ofzerooffactsinsideB O
2Bfacz

Iz

This is essentiallythe same proof as Bouche theorems

3 Schwarzlemmay map from disk to disk
Let fi D D be hole with fco o Then Stein Pu8
d Iflake121 for all 2ED



I s
2 If for some toCID Ifczo I Hot then f is a rotation
CD If'co I El And if equality holds f is a rotation

PI i N Let go f Z 2 for Z E BYO Then near7 0

use Taylor expansion fCZ Ao t AiZ 1Azz't andfool_o

we have a o Hence GIZ AitAzz1 is holk near 0

Thus 2 o is a removablesingularity forgets

If A rat then 19cal I I E T Hence

EYE18cal tiny EYEHattie EErlgayefin.it 1

Thus Ife I e 121 A Z ED

7ZOED

Ii If Ifczoy Hot then 18C204 1 Thusby Maximum principle

got c in D for 14 1 i e c e 0

Thus f.cz eio z

4
Ciii fcos info

f
o figgas goop

Since Igcol t l and if 1gal f'cost L then

bymaximum principle god_c as above

Def An amorphism of a region 52 is holomorphic bijection

f is r

Ee identify map
12kt



I D QED Blaskefactor

Facz At D automorphismI
sit FaoFa id F to L

Fa 0

Props If f D ID is an automorphism then

f can be written uniquely as
fCz ei0a Z

I 2 Z

for some 0C Io 2e REID
IPf i Let a f lo then 01 2 O

g foFa D
is an automorphism with 843 0 By Schwarz Lemmaforg

bZED 11 Since g D D is also hot'c thus

lgtczyelz.IE zlElguX ei0
zThusgczY HV ZED and GE is a rotation bySchwarz

LemmaCiii Thus goFa fo F of f
fczkeio.azI Iz

2 0

A
Coe if f D ID is an automorphism with fco

then f is a rotation If further fcoCRyo then

f and f is the identitymap
fat
ei0 Z

2 fed 2

RiemannMappingTheoreur i

Let 52 GE be a simply connected propersubset
unique

Then for any Zo ER there exists a holomorphicmap



f ng j ay

f D D sit f Zo 0 and f Zo O

follow
Stein

PI Let 5 be the family of holomorphic maps
f I such that

f is injective
fCD CD

fCz o

Steph show that 5 is non empty

By assumption a E E a El S2

E T if exists open nbhd U of a such that Ucsc

Then consider automorphism of E E Z Fa
this will send a N Ri _OIL C E still simplyconnected

and Ri is bounded let Zi Eczo Then we considerthe

map if Q Z toCZZi for some largeenough R
thiswill send R to Iz C D and Z to 0 Thecomposition
Eto satisfies conditionof F

shift1

mETED



www ge

GeneralcareLT Let a C I Considerthe function

GIZ J Ta dw whereintegration is along

athin52 from ZotoZ

Since r is simply connected the integral iswell defined

Then g't't a goto 0 gczj loglhz.to
with the branch of the logarithm suitably chosen s.t.gl o o

Then fir is injective since exp g i z ZI
Zo A

is inject Moreover go.br god ziti n

for any n E74.43 Let B Brito CR be a ball then
A JCB ziti 01 Hence the complementof god

contains an open subset GCPD ziti Wemay applythe easy case

to r _gcc and Zo gtfo andget a map G S D

with GCZo's O Then Gog is D Zo o satisfies

the condition for F Henne F is non empty

Steph Wemay assume SID and 2 20 since

thegeneral case can be reduced to this case

By Montel's theorem since f is uniformlybounded on R

F is a normal family



Let s sup If'tDl By Candy estimate consider

fC5

a small closed disk DIED we have If't L T f f EF

Hence sew Let for be a sequence in F sit limIf'ncoY Snow

Then by normality of E fu has a subsequence that
uniformly

converges on every compact subset in 2 to certain function f
Thus f is hot'c and f r c D If'cdl S Since

idf E.i.SI

We claim that f is injective If not then 7 Zuzzel2

suchthat f aD feta Let fu be the aforementioned
subseq

Consider JkCZ fufZ fnZD then Lodz o 9k still injective oar
and gift ft fCZ locally uniformly on R Since

ByHurwiczthmT
SKID are nonvanishing on RISE hence f ft fth is

either non vanishing on Rl 923 on constant But If Ho
hence f is not a constant Hencefc2is fed to and we get
a contradiction

Thus there is a function f EF and Hdl achieves maximum

Steps We prove fir D is surjective If not
then let 0 E D l fCR Our aim is to explicitly construct

a better function f is ID with 1 11 I fcost

ff R D Es D D D



Let fCr UE FACE then F CD D and 0 Et U

Ei Ea OT
welldefined

since id thus
since U is simplyconnected

f FaOJI o Iof
Fa o fo Faof f
I

maps to D and is not injective sincez2 isnot

Hence by the last partof Schwarz Lemma 1810121
Thus

flag ftp E'co
Iftosl IF'iost I costs I F'cost

Contradicting with If'lost is maximum in F Hence

f is surjective

Finally we may compose f with a rotation to achieve fld 0

To show uniqueness suffice to note that if fi and f a
both satisfy the condition then fii fz.fi D ID
is an automorphism that fixes 0 and fired 0 hence

fiz id i e f fz


