
 

today Stein Ch3 Section 3 84
meromorphic function on El is rational

q
argument principle arglz
Roache theorem

openmapping maximum modulus 1hm

A meromorphic function f on an open sets
is a function that has a sequence of polesin r

possibly infinite and these poles doesnot have an
accumulation point

I E u is

Use a new complex coordinate near 2 D by letting
w Yz

i Tywas S Z o

f is a meromorphic function on means

f Z restricted on a c E is a meromorphic
function

Few restricted on Ew CE is a meromorphic

flz f Yw f E swap function



Tim if f is a meromorphic function on E

then f is a rational function i e

PET fcz on canbe written as for
P Q polynomials 1

Before we prove them some examples

I EfI ie
fCZ 21211 2 o 1 a pole of

order 2 at w ofew w twD tw.EE no pole or zero at2 P
fCzk Et

g
2 l

y
2 2 i Izingfez lim2 us I1

1
nonexample for meromorphic function over a flag twi12W

but of not over Flo L
fCZ sins poles at I n.TL

thesepoles do not accumulate over G
2 p
0 thesePoles converge to is in E

hence fo't is not meromorphic in E
o

Icw sinewsa

w o is an essential
singularity



pfofthin steps f has finitely many poles in E
stipe say Zc Zn ane the poles

we define fez to the singularpart of f
j

at 2j then we consider

Rcz ft Jj fjot
then conclude RA is a constant

sequentially
CD
Recall a set ishcompact if any infinite sequence
of points in this set has accumulation point

Since I S2 is compact we cannot have us many
poles

2 Let's consider first the possible poles at 2 P
or w o

Fcw f fo bwnn i bwn.tt Boca

Ising w
w o
holomorphic nearfew f swine w is now a regular function ata w o

F in z coordinate is

fi Iczs fI zh b
nt tcbzT

bn Z t bat Z t biz



Now for other poles for Z E Q
expand near 2 Zk

fin t t t tri

fees _fsins cEZk

consider Rczsfcz f z FIFA fz czyen

claim Rtt near 7 us

Rft is bounded near each of the poles hence

by Liouville thin Rca C constant

C C
Then f Z benzine biz cz.z.INT t

sing

fsiS t t fz.cz tc
is a finite sum of rational function hence by
clearing denominator we can write

fez ftp.EZ z.zgnTz znT

Next we move to section 4 an

Argument Principle
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consider f I E a meromorphic function

S.fi da
for simplicity consider 8 to be a simply closed curare

e.g D Disco C unit circle

fI dz d
duogfots

wedid et
begfcz log Ifcz It i arg f
but ar of a complex number is ill defined

its value is ambiguous upto 2am

However dlog is well defined

Efi if fez Z a f L we have

at ziti I

if fCz f Z a f421 5

s aJ DZ adz ziti



claim if fCH has an order zero at Zo

then near Zo

f Z t regular part
o

C exc fczi zn.IE n'ZznI nz
pfi in general

fat Cz Zo got
A non vanishing near Zo

f'cz E Zo GCE 1 CZ Zo gcz
n CZ Zo ga t Cz Zo gct

then fCz h.CZ Zo ga t

E Z gcz
r 9

gcz
holomorphic near Zo

daim2_ if f has a pole of order n at Ze
then

zo rega

Fs fez 2 f'c IT FEET IT I

Thm Suppose f I E is meromorphic

Suppose

CR is a simple closed curve interiorof r



is also ins Then

2 f dz numberof zero inside 2
number of poles inside 2

where the number takes onto account multiplicity

PI FCI subtract the singular part of Hf
f z

at zero and poles of fact will be a regular
function inside 5 hence the integral will be zero

Y fI dz f f a i Fan ftp.tn t zbfsm.dz
z
contribution of zerooffcz

f Z has zeros Li Ln inside 5

iismereaii.iiieiiinsiae.r
with order big bm

Ait Au bi bz bm
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as 2 traverser

fLZ tranverse a curve for inE
which wraps around E once 0

and wraps around A twice

let w fits
dwg f d loge

for

counts the windingnumber around O


