
 Review about topology cont'd

Definition of hot's function

Lasttime
open set R is an openset if U Z Er

I Drez Er

closed set A is a closed set if A
contains all of its limit point

Fact I is open a I is closed

bounded set R is bounded if

diam r ftp.rdistlziw co

dist Zin IZ Wl

compact subset of
A subset A C G is Impact if A is astounded

More generally if X is a metric space we say
X is sequentiallycompa if every seq in X has
convergent subseq

X is compact if every open cover of X ieX Iyaadmits a finite subcover i e there is a

Lfinite subcollection I C I X Yella



X cannot be written as a union of 2

ii

we say f is continatpointzeX if

fix limy.tty.F

X y

If f is continuous at every point of X we say
f is a continuous map X Y

Equivalently we say f is cont at REX if
HE 0 I 870 sit H X E BslXo we have

fix E B fixo

D Equivalently if for any open subset Vc Y
f V ExeXI fix EV is an open subsetofX

then wesay f X Y is continuous
I preimage of open is open



IP If f i X Y is continuous and AC X is compact

then FCA CT is compact

tamandua
Let s c d be any subset

f I E any funition
We say f is holomorphic at Zo ER if

ftp fFw dfined
i e limitexists

be more precise we define
U 2 Zo Q

U 2

can ask if lzinyz.az exist

If the limit is well defined we tall that limit the

Complex derivative f Zo

If I c Q is open and f is hot's at everypt
ins we say f she is a

holcfygt.FIf z Z it is hot's on a
Étinition

IZ.EE Liz.fi 1 lim2I 1 1
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f z 22

lim ftp zlimz.ZIf 1iIz EtZ
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f Zo ZZ

fez z f z n Z

One also have polynomials

plz Anz't amZn t t A Z ta

PLZ is also hope

aid

Qt

Ex2 fr I F Los a

For any Zoe Qt we have

HEI ÉÉ
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f zo I
F is hole on d o

Ex fez E It is not hole at anypaint



H Zo E Q

z ÉÉjÉn z z

as h goes to o along different direction say
h p it for some fixedQ and t at

We have 5 r e
it

I Yet e
ait

the result depends on the direction that h goes too
Thus I is not hole

Moretexample Re z I Ztt is not hole

Im z Z E

1212 Z E not hole

I 2 24 not hole

CauchyRiemannEquation

Let f z I I be written as a real vectorvalued

Feng R R2 fan
x y 1 7 U V ucx.gl U Xy

We say F is
agfgfy.gl at point xo.ge

Er

if there exists such that



jF Xotha Gotha F xoxo t J h Ihl Rch
where Rch so as thlsoY a notumvector

h th Ihffhitt

Prof if f is hot's at Zo xotiy Ed then

F is differentiable at Zo and the partial
derivatives satisfies

Ey Ey Ix

Pf f hot's at Zo

fezoth fao ftp.ht 1h1 in
he hatih where rch o

as h o

Take the real imaginary part above we get

uczoths uczotrelftol ha
tmfg.fi

VCZoth Uzo t Re flat hat Imffcza h
thtrich

at ib aid ac bd ti adtba

for J Ig we have

u Zoth Uszul

uczotal us
J h t tht



f Zo him
th f

if he hit the and ha o then

f zo gym fath Ex titty

if hi o let hato then

f'iza 1,1 i Ig titty

setting aft if Ey t Ey
and compare the real imaginary of both sides we get

Ex Ey
Ey

and f'Cz If i Fy Reffizo F Ey
Imffizo Ex By

I

Conversely

Prod If F is continuously differentiable at everypts
in R and Cauchy Riemann eg are satisfied
then fez is a hot's on R



Pf see Stein

Fittest
power series


