(a)
z1 = z9: the whole plane, C.

21 # z9: the line 21'2”2 + Ri(z1 — 22), which perpendicularly bisects the line that joins z; and zs.
Proof:

Any z € C can be expressed as

giving
|z —z1] = (s — 3) +it||z1 — 2]
|2 = 22| = (s + 3) + itl|21 — 2]

|z —z1| =z — 2] < s=0

which proves the result.
(b) The unit circle.
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(c) The vertical line intersecting the real axis at 3.
(d) The half-plane strictly (resp. not strictly) to the right of the line Re(z) = c.

(e)

a # 0: The result of rotating the half-plane Re(z) > —RGT(b) by the angle — arg(a).
a=0:
Re(b) > 0: the whole plane, C.
Re(b) < 0: nothing, 0.
(f) The parabola z = (y* — 1)
Proof:
lzl=2+1 = |z|=|z+1]
= B =lo+1p
— 2’4y’ =2+22+1
= yP=2a+1
= z=1iy"-1)
The above gives
r=3@1*-1) = |z/=|z+1]andz>—3
= |z|l=|z+1jand2x+1>0
= |z|=x+1

(g) The horizontal line intersecting the imaginary axis at ci.



(z,w) = 2122 + Y1y2
= 1[22132 + 2y190]
= 3[r172 — iT1Y2 + Y172 + Y1Y2 + T2y — iT2y1 + Y271 + Y2y

(w1 +iy1)(z2 — iy2) + (z2 + iy2)(v1 — iy1)]

2W + wZ]

(2,0) + (w, 2)

(z,0) + (2,w)]

2Re(z, w)]

3l
[
[
[
[
[

ol 0= ol ol ol el

2)
PUN
w
S
=



s = 0: one solution, z = 0.
s > 0: n solutions, written below.
Write z = re*?. We have

n _inf

P =w r"et™’ = ge'¥

" = s and e"e’?
r=s%and nf=o (mod 2m)

r=sw and nf = ¢ + 2nk for some k € Z

rtruvee

k
r=s% and 9:£+27r— for some k € Z
n n
This shows that every solution is equal to one of

) n—1
i(Z42m

1 i 1 (P 1 1
sne'n, sWeZ(WJrQ”W), ... sne )

All of these are distinct, hence there are exactly n solutions.



(a)
Let z,w € C with wz # 1.
Write z =z + iy and w = u + .

Then each of the following inequalities
holds strictly if |z| < 1 and |w| < 1,
and holds as equality if |z| =1 or |w| = 1.
0 < [(u? +v?) = 1[(2* + y*) — 1]
0< (W +v)(@* +y%) — (¥ +0*) - (2* +9°) + 1
(u? + %) + (2% + %) <1+ (u® + %) (2% + %)
w2+ 0%+ 22 + 4% < 1+ w22 + uly? + v2a? + o2y
u? v 2 +y? <14 (WP2? + 0%y 4 2uavy) + (uPy? +oPe? — 2uzvy)
u? + 02+ 22 +y? <1+ (uz +vy)? + (uy — vx)?
u? + 0% + 22 +y? — 2ux — 20y < 1 — 2(ux + vy) + (uz + vy)* + (uy — ve)
(u—2)* + (v —y)* <[1 = (uz +vy)]* + (uy — vz)?

2

w=a)+ito -] <1 = o)) = iy - oa)|
‘w—z’z < ’1 —Ezr

‘w—z‘ < ’1—@z‘

‘w—z

(b)
(i)
Part (a) shows that F(D) C D.
F' is holomorphic on D because:
e We know z — z is entire,

e S0 z+— w— z and z — 1 —wz are entire. The latter is nonzero on D,

1
1-wz
w—z
1-wz

® S0 2 — is holomorphic on D,

® S0 z > is holomorphic on D.

(ii)

F(O):1w—w00
_U}
1
=w

F(w)zlw—wtfu
0
Tl —ww
=0



(iii) Follows from part (a).
(iv)

For any z € :

(FOF)(Z):W%

w—z
1—

1-wz

w(l —wz) — (w— z)

(1—wz) —w(w—z2)
w—wwz —w + z

1 —wz —ww+ wz
2(1 — ww)

1 —ww

=z

So FoF:D— D equals idp, so F': D — D is bijective.



At zy € U, we have
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and
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