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Math 214, Homework 11.

1. LetM = S2 embedded in R3 with spherical coordinates (θ, ϕ) 7→ (sin θ cosϕ, sin θ sinϕ, cos θ)

so that the induced metric is given by:

dx2 + dy2 + dz2 = d(sin θ cosϕ)2 + d(sin θ sinϕ)2 + d(cos θ)2

= (cos θ cosϕdθ − sin θ sinϕdϕ)2 + (cos θ sinϕdθ + sin θ cosϕdϕ)2 + sin2 θdθ2

= dθ2 + sin2 θ dϕ2

Then we need to compute the Levi-Cevita connection for this metric. The symbols are

Γ1
11 = g11(−∂θg11 + ∂θg11 + ∂θg11)/2 = 0

Γ2
11 = g22(−∂ϕg11 + ∂θg12 + ∂θg12)/2 = 0

Γ1
12 = Γ1

21 = g11(−∂θg12 + ∂θg21 + ∂ϕg11)/2 = 0

Γ2
12 = Γ2

21 = g22(−∂ϕg12 + ∂θg22 + ∂ϕg12)/2 = cot θ

Γ1
22 = g11(−∂θg22 + ∂ϕg12 + ∂ϕg21)/2 = − sin θ cos θ

Γ2
22 = g22(−∂ϕg22 + ∂ϕg22 + ∂ϕg22)/2 = 0

Now, let θ0 ∈ (0, π), γ : [0, 1]→ S2 be the curve γ(t) = (θ0, 2πt), and u0 = ∂ϕ ∈ Tγ(0)S2.

The parallel transport of u0 by γ is given by the ODEs
du1

dt
+ Γ1

jk(γ(t))γ̇j(t)uk(t) = 0
du2

dt
+ Γ2

jk(γ(t))γ̇j(t)uk(t) = 0

u1(0) = 0, u2(0) = 1

Since γ̇1(t) = 0 and γ̇2(t) = 2π for all t, this becomes the system
du1

dt
− (2π sin θ0 cos θ0)u

2(t) = 0
du2

dt
+ (2π cot θ0)u

1(t) = 0

u1(0) = 0, u2(0) = 1

Then d2u1

dt2
+ (4π2 cos2 θ0)u

1(t) = 0 and u1(t) = C sin((2π cos θ0)t).

Then u2(t) = C(csc θ0) cos((2π cos θ0)t), C = sin θ0, and we find:

u(t) = ((sin θ0) sin((2π cos θ0)t), cos(2π cos θ0)t))

We find that the desired parallel transport of u0 is

u(1) = sin(θ0) sin(2π cos θ0)∂θ + cos(2π cos θ0)∂ϕ ∈ Tγ(1)S2 = Tγ(0)S
2



2. For δ > 0, let M be the submanifold given by the embedding (0, 2π] × (−δ, δ) → R3,
mapping (ϕ, z) 7→ ((1 + z sin(ϕ/2)) cosϕ, ((1 + z sin(ϕ/2)) sinϕ, z cos(ϕ/2)).

Then the induced metric from R3 is given by:∑
i

(dxi)2 = d((1 + z sin(ϕ/2)) cosϕ)2 + d(((1 + z sin(ϕ/2)) sinϕ)2 + d(z cos(ϕ/2))2

= (sin(ϕ/2) cosϕdz + (z/2 cos(ϕ/2) cosϕ− (1 + z sin(ϕ/2)) sinϕ) dϕ)2

+ (sin(ϕ/2) sinϕdz + (z/2 cos(ϕ/2) sinϕ+ (1 + z sin(ϕ/2)) cosϕ) dϕ)2

+ (cos(ϕ/2) dz − z/2 sin(ϕ/2) dϕ)2

= dz2 + (z2/4 + (1 + z sin(ϕ/2))2)dϕ2

Note that since gzz = 1, gzϕ = 0, we immediately have Γzzz = Γzzϕ = Γzϕz = Γϕzz = 0.

Then we can compute the Riemann curvature tensor component Rz
ϕϕz:

Rz
ϕϕz = ∂ϕΓzzϕ − ∂zΓzϕϕ + ΓzzϕΓzzϕ + ΓzϕϕΓϕzϕ − ΓzzzΓ

z
ϕϕ − ΓzzϕΓϕϕϕ = −∂zΓzϕϕ + ΓzϕϕΓϕzϕ

We compute the Christoffel symbols:

Γzϕϕ = 1
2
gzz(−∂zgϕϕ) = −1

2
∂z(z

2/4+(1+z sin(ϕ/2))2) = −z/4−(1+z sin(ϕ/2)) sin(ϕ/2).

Γϕzϕ = 1
2
gϕϕ(∂zgϕϕ) =

z/4 + (1 + z sin(ϕ/2)) sin(ϕ/2)

z2/4 + (1 + z sin(ϕ/2))2

Then we find that

Rz
ϕϕz = 1/4 + sin2(ϕ/2)− (z/4 + (1 + z sin(ϕ/2)) sin(ϕ/2))2

z2/4 + (1 + z sin(ϕ/2))2

which, when z = ϕ = 0, is 1/4.

Hence the curvature does not vanish everywhere and the metric is not flat.



3. We proceed similarly as in the last problem.

For δ > 0, let M be the submanifold given by the embedding R× (−δ, δ)→ R3,
mapping (t, z) 7→ (z cos(sin t), z sin(sin t), t).

Then the induced metric from R3 is given by:∑
i

(dxi)2 = d(z cos(sin t))2 + d(z sin(sin t))2 + dt2

= (cos(sin t) dz − z sin(sin t) cos t dt)2 + (sin(sin t) dz + z cos(sin t) cos t dt)2 + dt2

= dz2 + (1 + z2 cos2 t) dt2

Note that since gzz = 1, gzt = 0, we immediately have Γzzz = Γzzt = Γztz = Γtzz = 0.

Then we can compute the Riemann curvature tensor component Rz
ttz:

Rz
ttz = ∂tΓ

z
zt − ∂zΓztt + ΓzztΓ

z
zt + ΓzttΓ

t
zt − ΓzzzΓ

z
tt − ΓzztΓ

t
tt = −∂zΓztt + ΓzttΓ

t
zt

We compute the Christoffel symbols:

Γztt = 1
2
gzz(−∂zgtt) = −z cos2 t

Γtzt = 1
2
gtt(∂zgtt) =

z cos2 t

1 + z2 cos2 t
Then we find that

Rz
ttz = cos2 t− z2 cos4 t

1 + z2 cos2 t
=

cos2 t

1 + z2 cos2 t
which, when z = t = 0, is 1.

Hence the curvature does not vanish everywhere, and the metric is not flat.



4. Let G be a Lie group, X, Y ∈ TeG. Consider the curve γ(t) = exp(tY ),
which is both the geodesic through e in direction Y and the integral curve through e of
the left-invariant vector field generated by Y (Nic 4.1.15).

Recall the parallel transport equation, ∇γ̇(t)u(t) = 0.

Let u(t) := (Lγ(t/2))∗(Rγ(t/2))∗X.

We have that γ̇(t) is the restriction of the left-invariant v.f. Z generated by Y to γ.

Let Xi be a global left-invariant frame for TG, and write u(t) = U i(t)Xi|γ(t).
Then ∇γ̇(t)(u(t)) =

∑
i
d
dt
U i(t)Xi|γ(t) +

∑
i U

i(t)(∇ZXi)|γ(t).

We have ∇ZXi = 1
2
[Z,Xi], by our formula for the Levi-Cevita connection on G.

We also have the following infinitessimal change of u in terms of the Ad representation:

u(t+ ε) = (Lγ((t+ε)/2))∗(Rγ((t+ε)/2))∗X = (Rγ(ε/2))∗(Lγ(ε/2))∗u(t) =

= (Rγ(ε/2))∗(Lγ(−ε/2))∗(Lγ(ε))∗u(t) = Adγ(−ε/2)((Lγ(ε))∗u(t))

(where we have exploited the fact that Lg and Rg commute).

So, noting that the Xi are invariant with change of time, we can write∑
i

d

dt
U i(t)Xi|γ(t) = lim

ε→0

1

ε
(u(t+ ε)− (Lγ(ε))∗u(t)) =

= lim
ε→0

[
1

ε
(Adγ(−ε/2) − I)

]
(Lγ(ε))∗u(t) = ad− 1

2
Y u(t) =

[
−1

2
Z, u(t)

]
= −1

2
U i(t)[Z,Xi]

where we’ve taken that the differential of Ade is ad (which is acting on u(t), t constant,
as though it’s part of a left-invariant vector field: it’s acting on U i(t)Xi with t fixed).

(If it’s not kosher to assume this, here’s a short proof: Since Rg and Lh commute, the
flow of a left invariant vector field commutes with Rg, i.e. ϕt(g) = Rϕt(e)g, and we can
go by the Lie derivative:

[−1/2Z, u(t)] = ∇−1/2Zu(t) = lim
ε→0

1

ε
(exp(−ε/2Z)∗u(t)− u(t)) =

= lim
ε→0

1

ε
((Rexp(−ε/2Z))∗u(t)− u(t)) = lim

ε→0

1

ε
((Rexp(−ε/2Z))∗(Lexp(−ε/2Z))∗u(t)− u(t))

which is where we started... Oh dear, this is a mess).

So we find that the parallel transport equation is satisfied:

∇γ̇(t)(u(t)) =
∑
i

(
U i(t)(∇ZXi)|γ(t) +

d

dt
U i(t)Xi|γ(t)

)
=

1

2
U i(t)[Z,Xi]−

1

2
U i(t) [Z,Xi] = 0

Since solutions to ODE are unique, u(t) is indeed the parallel transport of X along γ(t).



5. First of all, SU(2) = {A ∈M(2,C) : A∗A = I, detA = 1},
so su(2) = TI(SU(2)) = ker dFI ∩ ker dGI where F : GL(2,C)→ GL(2,C),
F (A) = A∗A, and G : GL(2,C)→ R, G(A) = detA.

We showed in the past that dFIA = A+ A∗ and dGIA = tr(A),
so su(2) = {A ∈M(2,C) : A = −A∗, tr(A) = 0}.

Then su(2) as a real vector space has as a basis the matrices

{(
0 1
−1 0

)
,

(
0 i
i 0

)
,

(
i 0
0 −i

)}
,

which we denote E1, E2, E3. Then for a, b ∈ R, z = z1 + iz2, w = w1 + iw2 ∈ C

we let X =

(
ai z
−z −ai

)
, Y =

(
bi w
−w −bi

)
∈ su(2) and compute ad(X)ad(Y ) on Ei:

ad(X)ad(Y )E1 =

[
X,

[
Y,

(
0 1
−1 0

)]]
=

[
X,

(
−2w2i 2bi

2bi 2w2i

)]
=

(
4bz1i −4ab+ 4w2zi

4ab+ 4w2zi −4bz1i

)
so that the E1 coordinate is Re(−4ab+ 4w2zi) = −4(ab+ z2w2),

ad(X)ad(Y )E2 =

[
X,

[
Y,

(
0 i
i 0

)]]
=

[
X,

(
2w1i −2b
2b −2w1i

)]
=

(
∗ −4abi− 4w1zi

−4abi− 4w1zi ∗

)
so that the E2 coordinate is Im(−4abi− 4w1zi) = −4(ab+ z1w1),

ad(X)ad(Y )E3 =

[
X,

[
Y,

(
i 0
0 −i

)]]
=

[
X,

(
0 −2iw
−2iw 0

)]
=

(
−2(zw + zw)i ∗

∗ 2(zw + zw)i

)
so that the E3 coordinate is −2(zw + zw) = −4Re(zw) = −4(z1w1 + z2w2).

Hence the Killing form is given by κ(X, Y ) = −tr(ad(X)ad(Y )) =

= −(−4(ab+ z2w2) +−4(ab+ z1w1) +−4(z1w1 + z2w2)) = 8(ab+ z1w1 + z2w2).

One could write this as a matrix,

8 0 0
0 8 0
0 0 8

.

Computation for sl(2,R) on next page.



First of all, SL(2,R) = {A ∈M(2,R) : detA = 1}.
Then sl(2,R) = ker d(det)I = {A ∈M(2,R) : tr(A) = 0}.

We have a basis of matrices

{(
1 0
0 −1

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)}
which we call F1, F2, F3.

Then for a1, a2, a3, b1, b2, b3 ∈ R, letting X =

(
a1 a2
a3 −a1

)
, Y =

(
b1 b2
b3 −b1

)
,

we compute ad(X)ad(Y ) on Fi:

ad(X)ad(Y )F1 =

[
X,

[
Y,

(
1 0
0 −1

)]]
=

[
X,

(
0 −2b2

2b3 0

)]
=

(
2a2b3 + 2a3b2 ∗

∗ −2a2b3 − 2a3b2

)
so that the F1 coordinate is 2a2b3 + 2a3b2,

ad(X)ad(Y )F2 =

[
X,

[
Y,

(
0 1
0 0

)]]
=

[
X,

(
−b3 2b1

0 b3

)]
=

(
∗ 4a1b1 + 2a2b3
∗ ∗

)
so that the F2 coordinate is 4a1b1 + 2a2b3,

ad(X)ad(Y )F3 =

[
X,

[
Y,

(
0 0
1 0

)]]
=

[
X,

(
b2 0
−2b1 −b2

)]
=

(
∗ ∗

4a1b1 + 2a3b2 ∗

)
so that the F3 coordinate is 4a1b1 + 2a2b3.

Then the Killing form is given by κ(X, Y ) = −tr(ad(X)ad(Y )) =

= −(2a2b3 + 2a3b2 + 4a1b1 + 2a2b3 + 4a1b1 + 2a2b3) = −8a1b1 − 4a2b3 − 4a3b2.

One could write this as a matrix,

−8 0 0
0 0 −4
0 −4 0

.

(Note that SL(2,R) is not compact, and that this form is not positive semidefinite).


