
 Jordan Normal Form 2022.1111

Let IK be any field Q Q or Far

Let U be a finite us dim U S over IK

Let T U V be a linear operator on V
we want to classify T up to similaritytransf

We say T and I are similar if I V E V
invertible transformation such that T C T C

v v

In other words we want to find a nice basis of V
such that T looks as diagonal as possible

n dim V
characteristic polynomial on T V V

det x I T Nt p N't Pn

determinant for a linear operator A U V
a pick any basis en ien of V
then A become a matrix such that

Aei Aire t Ainen
detCA det A EAT wingtientries



tij

if we choose a different basis say
E En Then the corresponding matrix

I C TAJ C

thus det EAT det C CA C

det det Tas det C

det c def c det TAL det CA

Assume to Elk is a root of the
characteristic polynomial i e det not T 0

If XE V satisfies
TX Xo X

and X 0 then we say X is an eigenvector

of T with eigenvalue to

Ken AI T eigenspace of T
with eigenvalue do

Exe V Tx xox

root space or generalised eigenspace
of eigenvalue no



Consider T not U V
and its power 7 101 T Dot

if G NIT X O then

T Xo I
R
x T X I CT X.IT O

Kerl T X C Ker H X C

C Ker G NIT C Ker ft not C

Since they are all subspaces of U and V

is finite dimensional we know for certain m

Wi Ker T Nm Kerl G N
I root space for Ro

Ux im T xd

Lemmy a Wto and Uno are T invariant

Who M Un o

Y Wto Uno

Pf If U E Wao then f to u D



T XD Tu T T NI U 0

TU E Wto

If U E Uno then IT EV sit

V T NIM Yi
Then Tv T T dot T

T NIM TT
1 Tu E Uno

Suppose OF U E Uno n Who then

V T X.IM T
and T d I U 0

T not
M

T Dot I 0

TE Ker G Xo
m but

T G Ker G NI

this contradicts with kerf f not Ken 1.1

Thus So Uno n Who

Recall for any tin map
A V V2

we have dim Y dim KerA t dim imA
apply this to

F Not V V



we get
dim U dim Wao t dim Udo

Re all that for any 2 vector sp subspace

Vi 112 G V

we have
dim Vith dim bit dimVa dim Vink

Thus dim W notUxo dimWoot dimUxo
dim Oxon Uno
in

Thas who Ux C V
and dim I Wiot Uxo dim V

Hence V Wto Uxo

eaÉ m.nt
Lemmy V Wa Wi to War

Pf I Was Uns by pre lemma

Was kerf f xp Ux im f xD
claim Wiz War C Uns
indeed if we consider

T Ma I restricted to Wiz



11 L 12

it preserves Wiz And Do E Wiz

G d v 0 if Tu Niv then
T Nz v III U O contradiction

Thus T da w is invertible

4 Ri wa is invertible

Wiz T N M Waa G T N V
Un

This claim shows Wai nWy 303

Hence
y wa War U

U Un A A Un hence is preserved by T

claim If 11 4 V2 and T VTV

preserves V and V2 then

char T char Tlv char T us

It
one in choma basis of darted

to U V Uz then T matrix is

block diagonal

y y
det R T det Iff deter Ti

det X Ta

I A T



nil Ain
char T char Thun char Tla charltlair

anim ex arm chanisthfroots
in

1
Mi in

Thus 21 90 Ni Mi

T NII on Wai is a nilpotentoperated
i e T Nit 0 on Wai for N Iggy

Ex N IK IK en en be stabasis

Nien Ent Ncea ext

N et O

t
such N Satisfies

Nh o butN
we call such operator on IK a regular
nilpotent operator

N en te en men a toe no



Prop Let U be an n dim vis I k
Let N V U be a nilpotent op

then there exist a decomposition

Y Y V2 Vr
such that N y is a regular nilpotent op

i e there exist a basis of V sit
o of block diagonal

I
form wherei

nilpotent

each diagonal
block is regular

Pf method 1 Assume Nm O Nm 0

Then consider im Nt If U E Im NK
then u NR T NJ N'T v for any jak
Thus im NJ J im NK for any j K

V J im N S im CN S Jim Nm
Time nm 0

We are going to construct a basis adapted to

this flag in the following sense



For im Nm we find a basis

im es.ea e.eu
eimcnm

I I I

Ifws ei ei ei eiti ein
p

É É I Ea
tt
T

É
ein

im Nm may contain more than

span

ftp.ek.ei
hek

we can complete to a basis of im Nm

by adding exit ein

iIE



this way we have a basis of V compatible with
the action of N

Each column of basis vectors generate a sudd

subspace Vi where N acts on Ui regular nilpotently

JordanNormalformthmitt
Let K Q V Q

Let T V U
Then there exists a basis of U such that

T is in block diagonal form where each block

is

ji

Pf we first decompose

det x T N Nn x xp
and define root spaces Wii

Then T ti on Wii is a nilp operator
Hence Wii decomposes into

Wii to wi
where T ti acts on each block reg nilp



I I ats b g i

G Mlw

Tlw Mi

and similarly for all roots spaces

X whit wit o wi to ow to

W


