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1 Introduction.

I like thermodynamics, and I hope you will too.

2 States. Functions.

Definition 1 (Equilibrium state, steady state.)
An equilibrium state is one whose macroscopic properties—temperature, volume, etc.—are invariant in time.
We also require that such a state not be under the influence of any driving forces, such as temperature or
pressure gradients. An equilibrium state is said to be at thermal equilibrium. In contrast, a steady state is
one whose macroscopic properties are invariant in time, but under the influence of a driving force.

Example 1 (Equilibrium state, steady state.)
A tank of water placed in an insulated container is at equilibrium, having a fixed temperature, volume, and
so on. If we remove the insulated container and apply a continuous heat source to the water, we heat up
the water and introduce a temperature gradient between the water and the tank. When as much heat per
unit time is introduced by the heat source as is dissipated through the tank, the water reaches steady state.
Finally, if we open up the tank and let water evaporate, then it is neither at equilibrium nor at steady state.

The definition of an equilibrium state comes with an explicit length scale (“macroscopic”). If we look closely
enough at a tank of water, the atoms making up the tank are vibrating, and necessarily the volume of the
tank suffers minute fluctuations. We choose to ignore this detail and work only with macroscopic averages.
Put more roughly, macroscopic thermodynamics doesn’t believe in atoms.

An equilibrium state also has an implicit time scale. It is well-known that graphite is a more stable allotrope
of carbon than diamond, and hence that diamond should decompose into graphite. Operationally, however,
for all intents and purposes, a diamond at ambient conditions is at thermal equilibrium.

Definition 2 (State and path functions.)
A state function is a physical quantity with a fixed value for each equilibrium state of a system. A path
function is a physical quantity that does not. Mathematically, state functions are functions, whereas path
functions are relations.

Example 2 (State and path functions.)
Pressure, volume, internal energy, and density are examples of state functions. The total heat put into or
total work done on a system are examples of path functions. State functions, in contrast to path functions,
are independent of the process by which the system arrives at a given equilibrium state. Equivalently, for a
given equilibrium state, state functions are well defined. Path functions depend on the history by which the
state is achieved.

1



3. SYSTEMS. PROCESSES.

Exercise 1 (State and path functions.)

1. Identify as true or false:

(a) A system can be both at steady state and at equilibrium.

(b) If a physical quantity is not a state function, it must be a path function.

2. What is the flaw in this argument?
A system has a definite value of the total heat put into the system for every equilibrium state,
even though this value is generally not known. By definition, this means that the total heat put
into the system is a state function.

3 Systems. Processes.

Definition 3 (System and surroundings.)
The system is defined by a real or imaginary boundary enclosing a volume of interest. The surroundings is
the volume outside the system. When we treat the surroundings as a constant-temperature source or sink,
we call it a thermal reservoir. Several adjectives are in common use to describe various systems:

isolated no energy or mass transfer

closed no mass transfer

insulated no heat transfer

open energy and mass transfer

Table 1: Various adjectives describing systems.

Definition 4 (Reversible, quasistatic, and irreversible processes.)
A process connects two equilibrium states. In a reversible process, the system is at thermal equilibrium
internally and with its surroundings at every point during the process. Any process that is not reversible is
irreversible. In a quasistatic process, the system is internally at thermal equilibrium. A quasistatic process
occurs slowly enough that internal equilibrium is maintained.

An obvious question arises: if reversible processes are constantly at equilibrium, how can an initial state
evolve into a final state? We resolve this paradox by introducing infinitesimal changes. We assume that
infinitesimal changes are small enough not to perturb the system from equilibrium, but that the sum of
infinitely many such infinitesimal changes yields a finite change. This allows for evolution of a state in
infinite time. Reversible processes are never physically possible, being idealized abstractions of real physical
processes. In general, however, we are concerned with state functions in thermodynamics, and are free to
choose any path connecting two states. The most useful path is almost invariably reversible.

Example 3 (Quasistatic process.)
A quasistatic process is not necessarily reversible. This situation is possible if the system exhibits hysteresis,
in which the state of the system depends on its state at previous times (i.e. the system has memory). The
classic example of a system exhibiting hysteresis is an iron nail. By applying a magnetic field to a regular
iron nail, we can cause the magnetic domains in the nail to align, and hence make the nail a magnet. If we
then lower the magnetic field slowly, we find that even at zero field the nail remains magnetized. We thus
have two states of the nail—unmagnetized and magnetized—that both correspond to zero field. The actual
state of the nail depends on its memory, which characterizes hysteretic behavior.

4 First law of thermodynamics.

Definition 5 (Heat and work.)
Heat and work are both forms of energy, but their behavior is fundamentally different from each other. Heat
is undirected thermal energy, whereas work is directed energy. More precisely, while one can set up a thermal
gradient to induce heat transfer, heat transfer involves only a change in the molecular collision frequency
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4. FIRST LAW OF THERMODYNAMICS.

and the magnitude of these collisions, but leads to no net molecular flux. On the other hand, a pressure
gradient induces mechanical work, which involves bulk movement and hence also a net molecular flux. This
difference in behavior carries over to the quantum regime. On a molecular level, work shifts the energy levels
of a system, whereas heat changes the distribution of particles in each energy level.

Work comes in many forms:

form intensive variable symbol extensive variable symbol differential

mechanical pressure P volume V −P dV 1

chemical chemical potential µ number of moles N µdN

surface surface tension γ surface area A γ dA

magnetic magnetic dipole moment m magnetic field B −m · dB

thermal temperature T entropy S T dS

Table 2: Various forms of work. The last row of the table represents heat, and is included for completeness.
The last column of the table defines differential energy elements for each form of work. These intensive-
extensive variable pairs are known as conjugate pairs, and we call a member of one pair conjugate to the
other. Properties of these conjugate pairs, as well as a physical interpretation of chemical potential, will be
presented in §6.

Of particular interest is mechanical (expansion) work, which is defined by

wmech := −Pext dV,

where A := B denotes that A is defined by B. Not only is mechanical work the most common form found in
elementary thermodynamics, but its definition also contains some subtlety. While other forms of work are
defined by internal variables, mechanical work is defined by the external pressure, and only for a reversible
process is the external pressure equivalent to the internal pressure.

We are now in position to present the first law of thermodynamics.

Proposition 1 (First law of thermodynamics.)
Energy is conserved. It can be transferred in the forms of heat and work. Mathematically,

dU = δq + δw ⇐⇒ ∆U = q + w. (1)

Additionally, for reversible processes,

dU = T dS − P dV +
∑
i

µi dNi + . . . =: T dS + f · dX. (2)

Eqns. 1 are equivalent, being respectively the differential and integral forms of the first law. The integration
is performed over the path of the process. The δ symbol is used to represent an inexact (path-dependent)
differential. The internal energy of the system is represented by U , and heat and work respectively by q and
w. We consider the sign of heat and work to be positive when energy is introduced into the system, and
negative otherwise. Eqn. 2 follows from

δqrev = T dS and δwrev = −P dV +
∑
i

µi dNi + . . .

The expression for δwrev follows essentially by definition and replacing Pext by P . The sum over the chemical
potential accounts for the presence of multiple chemical species, each of which contributes its own chemical
work term. We shall prove the expression for δqrev in §14.

1for reversible processes only.
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5. INTENSIVITY AND EXTENSIVITY. EULER’S THEOREM. GIBBS-DUHEM EQUATION.

We will investigate the first law from a mathematical perspective. Recall that the total differential of a
function f of independent variables x, y, z is

df =
∂f

∂x
dx+

∂f

∂y
dy +

∂f

∂z
dz.

Cast in a mathematical light, the first law is simply an expression for the total differential of the internal
energy. Hence we can make the identifications

dU = T dS + f · dX ⇐⇒ U = U(S,X), T =

(
∂U

∂S

)
{Xi}

, fi =

(
∂U

∂Xi

)
S,{Xi6=j}

.

We will focus exclusively on mechanical and chemical work unless otherwise stated, in which case

U = U(S, V,N), T =

(
∂U

∂S

)
V,N

, −p =

(
∂U

∂V

)
S,N

, µ =

(
∂U

∂N

)
S,V

,

dU = T dS − p dV + µdN. (3)

Exercise 2 (More on state and path functions.)

1. Identify the following as state or path functions:

(a): C :=
δq

dT
(b): CP :=

(
δq

dT

)
P

(c): f(P, V ) (d): q + w (e): qrev + wrev (f): qrev.

2. Identify as true or false:

(a) Any process with a finite temperature, pressure, or chemical potential gradient between
system and surroundings is necessarily irreversible.

(b) There is at least one path between any two states for which the first law, written in the
form of Eqn. 2, applies.

(c) There is only one path between any two states for which the first law, written in the form
of Eqn. 2, applies.

3. What is the flaw in this argument?
The first law, written in the form of Eqn. 1, states that the change in internal energy is the sum
of two path functions. Hence internal energy itself must be a path function.

4. Consider a system, in contact with a thermal reservoir at temperature Tσ, undergoing a certain
reversible process.

(a) Calculate, in terms of Tσ and the initial and final system entropy Si and Sf , the heat
absorbed during this process.

(b) In general, the heat absorbed during a process is a path function, and cannot be calculated
without knowledge of the path. Why can we calculate the heat absorbed for this particular
reversible process?

5 Intensivity and extensivity. Euler’s theorem. Gibbs-Duhem equation.

Definition 6 (Intensive and extensive.)
A physical quantity is intensive if it is invariant under changes to the system size. A physical quantity is
extensive if it scales linearly with the system size. The dimensionality of system size is context-dependent.
The system size of a polymer is proportional to its length; that of a bubble to its surface area; that of a gas
to its volume. Mathematically, the notion of extensivity for a physical quantity f is described by

λf(x, y, z) = f(λx, λy, λz)
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5. INTENSIVITY AND EXTENSIVITY. EULER’S THEOREM. GIBBS-DUHEM EQUATION.

where λ is a parameter that modifies the system size, and x, y, z are extensive arguments of f . A function f
satisfying this equation is known as a homogeneous function of degree one. We shall prove Euler’s theorem
for such functions.

Theorem 1 (Euler’s theorem for homogeneous functions.)
Theorem. A function satisfying

λf(x, y, z) = f(λx, λy, λz)

has the representation

f(x, y, z) = x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
.

Proof. Take the total derivative with respect to λ on both sides of the equation, and then set λ = 1.

Theorem 2 (Equation for U .)
Theorem. We can write the internal energy U as

U = TS − pV + µN. (4)

First proof. We will apply Euler’s theorem for homogeneous functions to the (extensive) internal
energy U , obtaining

U(S, V,N) = S

(
∂U

∂S

)
V,N

+ V

(
∂U

∂V

)
S,N

+N

(
∂U

∂N

)
S,V

= TS − pV + µN,

where the second equality follows from Eqns. 3.

Second proof. A more physical proof is possible. Consider a system at thermal equilibrium, defined
by the state (S, V,N). Imagine a process by which an infinitesimal boundary forms within the system
and expands to enclose the entire system. Considering the subsystem enclosed by the boundary, we
have a process that brings (0, 0, 0) to (S, V,N); hence integrating the first law, we find

U =

∫ U

0

dU ′ = T

∫ S

0

dS′ − P
∫ V

0

dV ′ + µ

∫ N

0

dN ′ = TS − PV + µN.

T , P , and µ can be brought outside their respective integrals because the system is in equilibrium
and hence they are constant throughout the system. We have also used the fact that U(0, 0, 0) = 0,
which follows from extensivity.

Remark. Some texts have yet to introduce the chemical potential by this point and leave out the
corresponding µN term from U . This is strictly incorrect. In the first proof, neglecting the chemical
potential is akin to saying that the internal energy does not depend on the number of particles in
the system, which is manifestly false. In the second proof, the number of particles changes as the
boundary expands, and here too the chemical potential term cannot be neglected.

Theorem 3 (Gibbs-Duhem equation.)
Theorem.

0 = −S dT + V dP −N dµ.

Proof. Equate the first law, in the form of Eqn. 3, and the total differential of U from Eqn. 4.
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6. CONJUGATE VARIABLES. NATURAL VARIABLES. LEGENDRE TRANSFORMS.

Exercise 3 (Exploring intensivity and extensivity.)

1. Identify as true or false:

(a) If a physical quantity is not intensive, it must be extensive.

(b) Any linear or multilinear function is homogeneous of degree one (i.e. is extensive).

(c) The ratio of two extensive quantities is intensive.

(d) T , P , and µ are independent quantities.

(e) The derivative of an extensive quantity with respect to an extensive quantity is intensive.

2. Explicitly prove, using the sketched proofs or otherwise, Euler’s theorem for homogeneous func-
tions and the Gibbs-Duhem equation.

3. Consider a function satisfying
λf(x, y, z) = f(λx, λy, z),

for which x, y are extensive and z is intensive. State and prove the variant of Euler’s theorem
for this case.

4. Justify the following derivatives:

(a):

(
∂P

∂S

)
µ,T

= 0 (b):

(
∂U

∂V

)
µ,T

=
U

V
.

Generalize these results. Under what conditions on the variables involved can similar derivatives
be evaluated?

5. We see from the Gibbs-Duhem equation that P , T and µ are not all independent variables.
Indeed, P = P (µ, T ). On the other hand, Eqn. 3 states that P = P (S, V,N). Prove by the
intensivity of P that P (S, V,N) = P (f(S, V,N), g(S, V,N)), where f and g are intensive, and
find explicit expressions for f and g. In general, this shows that an intensive quantity can be
described either by m intensive and n extensive variables or by m + n − 1 intensive variables,
where n ≥ 1.

6 Conjugate variables. Natural variables. Legendre transforms.

Conjugate variables have been introduced in §4 as variables that appear in pairs in various forms of work.
They represent generalized-force–generalized-displacement pairs, and are closely related to one another.
These pairs of variables satisfy several important properties:

• the two members of each pair are not independent of each other. When choosing a set of independent
variables, we are thus restricted to choosing only one member from each pair. We will prove this later
in the section.

• the partial derivative of one member of each pair with respect to the other has a definite sign. This
means that the information encoded in one member is equivalent to that in the other, and that each
is a function of the other. We will prove this in §10.

• the generalized force of each pair is intensive, and the generalized displacement is extensive. Since
internal energy is extensive and consists of a sum of work terms, each work term must be extensive.
Each work term is the product of two variables, so one variable must be extensive and the other
intensive for the work term to be extensive. We identify the intensive term as a generalized force and
the extensive term as a generalized displacement.

Before moving on, we will also require the concept of natural variables.

Definition 7 (Natural variables.)
The set of natural variables for a certain physical quantity X are those independent variables that allow the
total differential dX to be written in a simple manner; specifically, the partial derivatives of X with respect
to those independent variables are respectively the conjugate variable to each of the independent variables.
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6. CONJUGATE VARIABLES. NATURAL VARIABLES. LEGENDRE TRANSFORMS.

Example 4 (Natural variables for internal energy.)
From the first law in the form (cf. Eqn. 3)

dU = T dS − P dV + µdN,

we see that the natural variables for U are S, V , and N .

Example 5 (Unnatural variables for internal energy.)
While the natural variables for internal energy are theoretically convenient to work with, they may be hard
to measure in practice, as is the case with entropy. It is useful, therefore, to express the internal energy as
a function of the “unnatural” variables T , V , and N :

dU =

(
∂U

∂T

)
V,N

dT +

(
∂U

∂V

)
T,N

dV +

(
∂U

∂N

)
T,V

dN.

Clearly the total differential of U can no longer be written in a simple manner—these partial derivatives
do not form conjugate pairs with the independent variables. Note that we have chosen T to replace S as
independent variable in accordance with the properties of conjugate variables described above. We could
not have chosen P or µ to replace S, for those choices would not have led to a set of independent variables.

Some questions remain. How do we construct functions whose natural variables are independent variables
of our choosing? How do we interpret the functions thus created? To answer these questions, we start by
considering the Legendre transform.

Definition 8 (Legendre transform.)
The Legendre transform encodes the differential analogue to integration by parts; i.e. that

xdy = d(xy)− y dx.

It tells us that we can change independent variables from y to x, given sufficient “niceness” conditions on
x and y. In particular, we require that y be a monotonic function of x, so that the Legendre transform
is well-defined, mapping a function to another function. Monotonicity is guaranteed here by the fact that
partial derivatives involving conjugate variables have a definite sign, as stated earlier in the section. Note
that the Legendre transform contains no new physics and no new information; it is simply convenient.

Example 6 (Legendre transforms of internal energy.)
We have found that U is a natural function of S, V , and N . Consider switching S with its conjugate T .
From the above definition, we have

dU = T dS − P dV + µdN

= d(TS)− S dT − P dV + µdN

dA := d(U − TS) = −S dT − P dV + µdN,

where we have defined A, the Helmholtz free energy, as the Legendre transform of U with respect to S. As
desired, it is a natural function of T , V , and N . Following similar procedures, we obtain the following table:

name symbol definition differential expression

internal energy U U dU = T dS − P dV + µdN U = TS − PV + µN

enthalpy H U + PV dH = T dS + V dP + µdN H = TS + µN

Helmholtz free energy A2 U − TS dA = −S dT − P dV + µdN A = −PV + µN

Gibbs free energy G U − TS + PV dG = −S dT + V dP + µdN G = µN

grand potential Φ3 U − TS − µN dΦ = −S dT − P dV −N dµ Φ = −PV

Table 3: Various Legendre transforms of internal energy, known as thermodynamic potentials. The natural
variables in each case can be read off from the differential expression.

2Also denoted F .
3Also denoted Ω, and called the Landau potential.
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6. CONJUGATE VARIABLES. NATURAL VARIABLES. LEGENDRE TRANSFORMS.

We note that the enthalpy H is always greater than the internal energy U ; H involves both the internal
energy of the object and the mechanical work performed upon summoning the object into existence. The
interpretation of A and G will be provided in §14, though for now it should be noted that the name “free
energy” is suggestive. We also highlight that the chemical potential is simply a molar Gibbs free energy;
it represents the Gibbs free energy—whatever that may be—possessed by the chemical species. The grand
potential Φ is not common in thermodynamics, but plays an important role in statistical mechanics.

Example 7 (Sets of independent variables.)
Referring to Table 3, and particularly to the definitions of U and H, we can read off

T =

(
∂U(S, V,N)

∂S

)
V,N

= f(S, V,N) but also T =

(
∂H(S, P,N)

∂S

)
P,N

= g(S, P,N).

And, indeed, we can keep going, by referring to other Legendre transforms:

T = f(S, V,N) = g(S, P,N) = h(S, V, µ) = i(S, P, µ).

We note that T is always dependent on S, and that only one member of each of the remaining conjugate pairs
can be chosen as another independent variable. For example, we are able to replace V by P by convexity—
each value of V corresponds to a unique value of P , so no information is lost by such a transformation—but
there is no mechanism by which we can replace V by µ.

Exercise 4 (Legendre transforms. Independent variables.)

1. Show that the entries in Table 3 are correct.

2. Prove that A = −PV + µN by integrating its differential form, à la Theorem 2.

3. Write down all other Legendre transforms of the internal energy not given in Table 3. These are
also thermodynamic potentials, though not in common use. Explain the curious result obtained
when taking a Legendre transform of all three natural variables of U .

4. Let us clarify and work through some properties of the Legendre transform in more detail.

(a) We have motivated the Legendre transform by appealing to integration by parts. The
requirement of monotonicity, however, appears ad hoc—and we most certainly do not
require it for integration by parts. What is the key distinction between integration and the
Legendre transform that results in this requirement?

(b) The usual statement of the Legendre transform requires that the function to be transformed
be convex (or concave). We have instead required the monotonicity of y(x). Prove that
these two requirements are the same.

(c) The Legendre transform is involutive: if we denote the Legendre transform of f by Lf ,
then L2(f) := L(L(f)) = f. Prove this property.

5. I claim that knowing P = P (N,V, T ) allows me to write T = T (N,V, P ). But we’ve stated
repeatedly that we can’t pick conjugate variables to be independent! What goes wrong?
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