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Non-degenerate Coupling

The interactions between nuclei are a fundamentally quantum-mechanical effect, and the machinery of time-
independent perturbation theory is well-suited for the analysis of energy-level splitting. [Understanding phenomena
like roofing, however, requires time-dependent perturbation theory.]

Obtaining Two Hamiltonians

The appropriate Hamiltonian can be obtained by combining energy-level splitting by a
magnetic field (the Zeeman effect) and proton-proton coupling between neighboring protons.
For simplicity, we shall work with a two-proton system with protons p and p′, choosing as
basis states |++〉, |+−〉, |−+〉, and |−−〉. The Zeeman Hamiltonian is

ĤZ = (µp + µp′) ·B,

where µp and µp′ represent the effective magnetic moment of each proton, accounting for
differences in magnetic environment. [In the non-degenerate case, the two protons are
distinct, and µp 6= µp′ .] The Hamiltonian for the spin-spin interaction is

Ĥss = A′µp · µp′ = Aσp · σp′ ,

where σ is a vector of the Pauli matrices; σ = [σx, σy, σz]. [Why should the Hamiltonian
take this form? A proton is essentially a magnetic dipole, creating a field felt by the other
proton. The interaction energy is a complicated function of the orientation of each proton
and the distance between them—but we can lump all of the complications in the constant
A and focus on the important part.] Assuming B = Bẑ and applying the two Hamiltonians
on our basis states, we obtain for ĤZ + Ĥss
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where all B terms come from ĤZ and all A terms from Ĥss.

Perturbation theory tells us that the perturbed energies are exactly the eigenvalues of ĤZ + Ĥss. We can read off
two eigenvalues right away, and diagonalizing the center 2-by-2 matrix will give us the other two:
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Let’s check that these results are consistent with our knowledge of NMR splitting. Take µpz
= 0.55, µp′

z
= 0.45,

and B = 10A, so that the energies become 11A, (−1 +
√

5)A, (−1 −
√

5)A, and −9A, corresponding to the
states |++〉, two orthogonal linear combinations of |+−〉 and |−+〉, and |−−〉 respectively. Quantum-mechanical
selection rules allow only transitions with ∆mz = ±1, so transitions between |++〉 and |−−〉 (with ∆mz = 2) and
between the linear combinations of |+−〉 and |−+〉 (with ∆mz = 0) are forbidden. The allowed transitions have
∆E = (12 +

√
5)A, (12−

√
5)A, (8 +
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5)A, and (8−
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5)A—forming, as anticipated, a doublet of doublets.

Degenerate Coupling

As we let µpz
−µp′

z
→ 0, the energy levels become E = A± 2µpz

B, A, and −3A, corresponding to the states |++〉,
|−−〉, the symmetric state 1/

√
2 (|+−〉+ |−+〉), and the antisymmetric state 1/

√
2 (|+−〉−|−+〉) respectively. The

three former states are triplet states (S = 1); the latter is a singlet state (S = 0). Another quantum-mechanical
selection rule requires ∆S = 0, so only transitions between the three triplet states can be observed. In this case
the allowed transitions have ∆E = 2µpB, and only one peak shows up on the NMR spectrum. Compare the
energy levels due solely to the Zeeman effect: E = ±2µpz

B, 0, and 0. Evidently ∆E = 2µpB here also—adding
a magnetically equivalent proton has had no effect on the relative spacing between energy levels, and we conclude
that magnetically equivalent protons do not lead to peak splitting.


